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BRRATA. 

Pn^ 10, § 81. The first tbrniuia .shmilti leiiil 

{A ± B) ('= AC ± BO. 

Pag? 30. The third formuk Kli«)uld read 

k{i-lc) =j. 

Page 36. Foot-note, second line of aecuud paragraph, read 

i=yCh-J*.). ? = 4-a +=-«•)• 
Page 40. Last line of foot-note. For « , read /. 
Pi^ 52. Hultiplioation table of {J^ . ¥wfi = t , read ji = j . 
Page 75. Last line of foot-note, insert /. at lieginniug of line. 

Page 86. Foot-uote. Add that ou subBtitutiug k -\- xj tor /■'. the algebra 
(aub) rednoes to (aa%); and tbe same aubetitution reduces {ay^ to («%) . 

Page 91. Laat line of fboi-note. For *, read /. 
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PREFACE. 



Idthognplicd copiw of this bodE wen diatribatod by PrafeHor Peine emoog hm 
fiiends in 1870. Tlw pNaent imw eoiUMls of aepente oopiw axtneted fiam Tkg Amtri' 
<MM Jottnud ^ Jf«<A«nM(fjai, where the work hae at lenigtb been pnbUdied.* 

Tlie bodj of the text hoe been printed directly from the lithograph with only slight 
verbal changes. Appended t«i it will hf found a reprint of a paper by I'rofeasor I'eirce, 
dated 1875, and two brief contributions by tho editor. The foot-notes contain tmuBforina- 
tigiu tt Mveral of the algebras, aa well as wliat appeared neceesarjr in order to complete 
tbeaipi^jaielnthetextet afbwpelnte. A nlatiTefbrmifelMglveafiireeehalgidiin; fiir 
the role in Aidmimm II. fagr iriiioh lueh fiunu may be immediately mittan down, wae 
anknown until the printliig was approaching completion. 

The original edition was prefiMed by thia dedieation : 

To Ht FeiBVoe. 

This work has been the pleaeaoteet mathematical effort ef nqp Mil bt no odMT have 

I seemed to myself to havs received so full h r(*ward for my mental labor in the BVfilty 
and breadth of tlic r4-'^i!lt!«. I presume that to the uninitiated the formulae will appear cold 
and cheerleee ; but let it be remembered that, like other mathematical formalac, tliej find 
their origm in the divine wmieeof allgeometiy. WheAer I thaU have the eatiafaotion <tf 
taking pert fai dieiF azperitioB, or wlietber that win remain Ibr aone nofe pnliroDd 
expoaitor, wUl be aeen in die Ibtnreii 

B.P. 



pt^ a cT Ibto Iwoe oorrMpond« pugv i>-|-06 of VoL IV. of TKt JnnaL 
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LINEAR ASSOCIATIVE ALGEBRA. 



1. Matitematics ia the science wliii-h draws necessary concliiHions. 

ThU definition of mathematics i» wider than that which is ordinarily given, 
■nd by which its range is limited to quaatitative researcL The ordinuy 
deflnition, like those of >>t)i<'r Roienoes, is objectire; whereas this is subjective. 
Recent investigations. «i' winch quuternious is the most noteworthv instance, 
make it manifest that tiic old definition is too restricted. The sphere of mathe- 
maticB is here extended, in accordance with the deriretion of its name, to all 
demonstratiTe research, so as to in('hi(l<> ill knowledge strictly capable of dog- 
mntif" tonchinp. Mathematics is not the iliscovcrcr of laws, for it is not 
induction ; neither is it the framer of theories, for it is not hypothesis; but it is 
the judge oTw both, and it is the arbiter to which each moat rribr iti daima ; 
and neitlier law ean rale nor theory explain without the eanction of mathematioa. 
It dpflucos from a Inw nil its consequences, and develops tticm into the sniraVilc 
fonn for comparison with observation, and thereby measures the strength of the 
argument from observation in favor of a proposed law or of a proposed form of 
application of a law. 

Mathematics, under this definition, belongs to every enquiry, moral as well 
as physical. Even the rules of logic, by which it is rigidly bound, could not be 
deduced without its aid. The laws of argument admit of simple statement, but 
they must be curiously transposed before they can be applied to the living speech 
and verified by observation. In its pure and simple form the syllogism cannot 
be direct^ compared with all experience, or it would not have required an 
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AriBtotle to discover it. It must be transmuted into ftll the poMible shapes in 

which reasoning loves Ui clulhe it-i''*' Tfv transmtitation is the mafhemafiral 
proce^ in the cstablishmeat of the law Of some scieuces, it is so large a 
portion that they haTa been quite abandoned to the mathematician,— which 
majr not have been altogether to the advantage of philoeophy. Sncb ie the 

case with geoiueli v and aiialytif luechaiiics. But in many other sciences, as in 
all thn8«' of iiicnfMl ]ihilosophy and most of the branches of natural !u>1ory, the 
deducliouij are ho immediate aud of Huch tsimple coustructiou, that ii is of uo 
practical use to separate the mathematical portion and subjeet it to isolated 
dlacu88ion. 

2. The branches of mathematics are as various as the sciences to which they 
belong, and each uubject of physical enquiry has its appropriate mathematics. 
In every form of material manifestation, there is a corresponding form of human 
(ho(i<r!it, so that the human mind is as wide in its range of thonght as the 
physical nnivcrse in which it tiiinks. The two arc wond<;rfnl!y matche<l. But 
where tliere la a great diversity of physical appearance, there is often a close 
resemblance in the processes of deduction. It is important, therefore, to separate 
the intellectual work from the external form. Symbols mmt be adopted which 
may i^crve for the eruliodinieiit i>f furiiiH of argument, without lioin^r trammeled 
by the conditions of external representation or special interpretation. The 
words of common language are usually unfit for this purpose, so that other 
symbols must be adopted, and mathematies treated by such symbols is called 
algebra. Alp-bra. then, is formal mathe^iititics. 

3. All rclatiniis are either qualitative or (|nantitativc. Qualitative relations 
can be considered hy themselves without regard to quantity. The algebra of 
sucb enquiries may be called lo^cal algebra, of which a fine example is pven 
by Boole. 

Quantitative relations may also be considered by themselves without regard 
to quality. They belong to arithmetie, and the corresponding algebra is the 
OOnunon or arithmetical algebra. 

In all other nli;cV<ras both relations must be combined, and the algebra must 
conform to the character of iho relations. 

4. The symbols of an algebra, with the laws of combination, constitute its 
hmguagt ; the methods of using the syniliols in the drawing of inferences is its 
art : ilici- in'orprcratioi) i> its -I'Utt/iJi'' <ijjj'/l'ii>i<>ii. This three-fold analysis 
of algebra is adopted from President Hill, of Harvard University, and* is made 
the basis of a division into books. 
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BOQE I * 

Ths Lanodaob of Algbbba. 

6. The l»ngii»ge of algebra has ita alphabet, vocabulary, and grammar. 

6. The syinliols of algelira are of twn kintJs : one class represent ila 
fuudamenlul couceptioii.s and may be aiUed itt< kUtrs, uiul tlie oilier represent 
the relatioua or modes of couibiimtion of the letters and arc called i/te signs. 

7. The alphabet of an algebra oonaufs of its letters ; the vooiAuharg defines 
its signs and the elementary cnnihinations of its letters; and the grammar gives 
(he nik'H of conipositioti l>y which the letters and signs are nnited into a 
complete and consistent system. 

The Al/Juif>tt. 

8. Algehrax mny he distinguished from each other hy the numher of their 
indepoudcut fmidaiucutal couceptioiu, or of the letters of their alphabet. Thus 
an algebra which has only one letter in its alphabet is a tingfe algebra; one 
whidi has two letters is a doubk algol^ra ; one- of three letters a tripk algebra ; 

one of four letters a i/ninfm/J/ alir'-! r;i. and so on. 

This artiiicial diviiiiou of the ulgobroii is cold and uuiustruetive like the 
artificial Luinean system of botany. But it is useflil in a preliminary investiga- 
tiou of algebras, until a suflBcient Tsriety is obtained to afford the material far a 
natural classiOeution. 

Each fundamental conception may be called a unit; and thus each unit has 
its oorrespoudiug letter, and the two words, miitand letter, may often be used 
indiscriminately in place of each other, when it cannot cause confiinon. 

!). The present investigation, not usually extending beyond the se.xtuplc 
algebra, limits the demand of the algebra for the most jiart to si.x letters; and 
the six letters, *, j, k, i, m and «, will be restricted to this use except in 
special eases. 

10. Jfar on^ ffiven hikr unotht r may ht tvbstilnhd, provided a new letter 
represents a conibinaf ion of the original letters of which the replaced letter is a 
necessary component. 

For example, any combination of two letters, which is entirely dependent 
for its value upon both of its components, such as their sum, diflference, or 
product, may be substituted for either of them. 

•Oalr fUi book ma cw wiittan. fO. a P.] 



Digitized by Google 



4 



This principle of (lie tiithxdtuiinn of httem is riulically iinporlanf, and is a 
leading element of originality in the present iuvesligation ; and without it, such 
an mywtigation would haFe b««D impossible. It enables tbe geometer to 
•naljrae an algebra, reduce it to ite eimpleBt and diaiacterbtic fbnnB, and 
comparo it with othor al^ohras. Tt involves in its principle a corresponding 
Bubfititution of iinitH of whicli it is in reality the formal representative. 

There ia, however, no danger in working with the syiuboln, irrespective of 
the ideas attadied to them, and the consideration of the ohaage of tlM ori^nal 
conceptions may be safely reserved for the hook of interprdafion. 

11. In niakin;! the snhgtitiition of letters, the origiDal letter will bc preserved 
witli the distiuctiuu of a iiubscript number. 

Thus, fbr the letter t there may soooessively be substituted «i, ^, etc In. 
the final fomui, the subscript numbers can be omitted, and they may be omitted 
at any peri nd of the invostifration, when it will not produce confusion. 

It will be practically found that these subscript numbers need scarcely ever 
be written. They pass through the miod, as a sure ideal protection from erro- 
neous substitution, but disappear from the wiitii^ with the same ibdlity with 
which those evanescent <-hemi(-al compounrl.«, which are essential to tiie tbeorj 
of tran.sformation, escape the eye of the observer. 

12. A /ittre^algebra is one in which every letter is connected by some 
indissoluble relation with eyeiy other letter. 

13. When the letters of an algebra can be separated into two ^ou})s, which 
are mutually independent, it is a mixf^l uliphni. It i.'^ mixed evni when there 
are letters common to the two groups, provided those which are not common to 
the two groups are mtitually independent. Were an algebra employed fbr tbe 
simultaneous discu.ssion of distinct classes of phenomena, such as those of SOUnd 
and light, and were the peculiai- units of each clu.^-i to have their appropriate 
letters, but were there no recoguized dependence of the phenomena upon each 
other, so that the phenomena of eacb class might have been submitted to 
independent research, the one algebra would be actually a mixture of two 
algebru-s, one ;ipprf>priafe to j^ound, the other to light. 

It may be fart tier ol>served that when, in such a case lus this, the component 
algebras are identical in form, they are reduced to tbe case of one algebra with 
two diTerse interpretations. 
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Ute Foeaitttiny. 

14. Letters which an not appropriated to the alphabet of the algebra* 

may be iised in any convenient sense. Rtit it is well to t'lnploy tin- srnaU HUrit 
for expressions of ooinmou algebra, aud tim cujjiial Idti rv for those of the algebra 
tinder diflooonon. 

There must, however, be exceptions to this notation ; thus the letter D will 
denote <!ie derivative of an expression to which it is applied, and the summa- 
tion of cognate expressions, and other exceptions will be mentioned as they 
oocur. Gh«ek letters will generally be reeerved for angular and ftmetional 
notation. 

15. The three eymbob J, d, and 6 will be adopted with the aignifioation 

r © = the ratio of circumference to diameter of circle = 3.14159266S6 
. 6 = the base of Xaperian lopirithnw = 2.7182818285, * 

which givea the mysterious formula 

-t.^c"^- J-J^V 6^^ =4.S1 0477381. 

^ ■ 10. All the signs of common algebra will be adopted ; but any signification 

will be permitted them which is not iucou^isteut with their use iu common 
^ I algebra ; bo that, if by any proeeae an expression to which they refer is reduced 
to one of common algebra, they mu.«t resume their ordinary signification. 

17. The sign =. which is r-illed flial (if oquiility. is used in its ordintiry sense 
to denote that the two expressions which it separates are the same whole, 
although they represent different combinations of parts. 

18. The .signs >• and < which are tlio^e of ineqimlity, and denote "more 
than " (>r " b's.s (ban " in ((Unntity. w ill be used fo denote the relations nf a whole 
to its part, so that.the symbol which denotes the part shall be at the vertex of 
the angle, and that whidi denotea the whole at its openiog. This involves the . 
proporition that the smaller of the quantities is included in the daas expressed 
by the larger.' Thus 

n < .1 or .4 > « 
denotes that is a whole of which iff is a part, so that all D is A.-\ 



tTiM formuU iu Uie text implied. aUo. that iionie A is not B. [C. 8, P.] 
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Tf the usuiil algebra had orii^iimled in qnnlitutive, instead of quantitative, 
iuvesiigatiotut, the use of the symbols might easily bavu beea reversed; for it 
seems tbat ell oonoeptions inrolved in A must also be ioTolved in iF, so tiwt B 
is more than A in the seiue that it involTes more ideas. 

The combined ezpreasion 

ByC<A 

denotes that there are (j^uaniities expressed by V which belong to the class A 
and also to the dass B. It implies, therefore, that some B\aA and that some A is 
B,* The intermediate O mi^t be omitted if this ware the only proposition 
intended to be expressed, and ve might write 

BXA. 

In like manner the combined expression 

5<6'> J 

denotes that there is a class which iiicUnies both A and £,f which proposition 
might be written 

H). A vertical mark drawn throuj^ either of the preceding signs reTemee- its 

signiticatiou. Thus 

denotes that B and A are esseutiailv ilillon'm wlioles; 

A^ B or B^A 

denotes that all B is not ,4 , J so that if they have only qoantitative relations, 

they must bear to each other the relutioii of 

.\ = B ox A< B . 

2n. Tlie siirn -|- is oalicii jJus in cointnon uli;ebra ari'l i|r!iii>ti's fi(hfiii<»r It 
umy lie retained with the same name, and the process which it iudicatea may be 
called addition. In the simplest cases it expresses a mere mixture, in whidi 



■fMs,<f «www,wHjBWtthi»CS<w»aat'»Mdiih. fp.a.t.} 

t1!lMnlraiHwBltoflMha«lHiiiiriMi.4«rBlsa*iulf«iiM [CaP.] 

IThe gmmO. tMaq iw UUu B to wrtlwr ttrt ^Mwr A and 9aMidMtfteal«r OwkMiae 9 k aot A. 

(c. a p.] 
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the elements preserve their inutiml independenre. If ihe elements eaiinni Vie 
mixed without mutual action and a consequent change of constitution, the mere 
union it itiU e^irMaed by the sign of addition, altkon^ lome other symbol n 
required to expreae tbe efaaraeter of the mixture as a peettHar compound having 

properties different from its eleineiit.s. It is obvious from the simplicity of the 
union reeorriiized in this sitrn, thnt \\w order of the admixture of the elementa 
cannot atiect it; so that it may lie ai^i-uiiied tliat 

A + B — M-^ A 

and 

(ii + iO + C'=^ + =^ + ^ + a 

21. The ngn — ie called mmm in common algebni, and denotes Mi&lraefftDn, 
Betaining the same name, the process is to be regarded as the reverse of 
addition; so that if an expres.'^ion i.« first :id(k-il and llieti siubtracted. or the 
revene, it disappears from the result; or, in algebraic phrase, it is canceled: This 
gives the equations 

A + B—B = A-B + B==A 

and 

B—B=0. 

■ The sign minu^ i.s called the negative sign in ordinary algebra, and any term 
preceded by it may be united with it, and the combination may be called a 
n^aHvB lam. This use will be adopted into all the algebras, with the provision 
that the derivation of the word negative must not transmit its interpretation. 

22. The sign X may lie adopted from ordinary algebra with the mime of 
the sign of mult qtlimt ion, but without reference to the meaning of the process. 
The result of multiplication is to be called the prodaeL The terms which are 
oombiaud liy the sign of multipli<'alion may be CtiDod /acfar-^ ; the factor which 
precedes the sign being dititinguisiied as the muflijilirr. and tliar wliirb follows it 
being the mtUtijiUffnid. The words multiplier, multi])licand, and jnoduct, may 
also be conveniently replaced by the terms adopted by Hamilton, of /adml, 
/aeimi, ahd/ietom. ThuB the equation of the product ie 

multiplier X multiplicand = product ; or facient X faciend = fkotum. 

When letter* are used, the sign of multiplication can be omitted as in ordinary 
algebra. 
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23. Wheu an expi-essiou uacd as a factor in certain combinations gives a 
produel irhich Taniaihes, it may be oalled in tboae oombiutiona a mtfaetar. 

Where as the multiplier it produces vanishing products it is m^^bowirf, but wbsra 
it is the multipliciUid of such a product it is nilfacieiid. 

24 When an expression used as a factor in certain combinations over- 
powers the other Alston and is itself the pfoduct, it nay be caUed an iAMnfadar. 
When in the production of t<uch a result it is the multiplier, it is «irat/bejim^ 
but when it i-- tlic riuiltiplicaii'l i1 is ifir mfm i'-m}. 

25. When au expression raised to the square or auj higher power vani.^^hes, 
it may be called nifpolent; but when, raised to a square or higher power, ii gives 
itself as the result, it may be called iitmpoleut. 

The defining equation of nilpotent and idempotont expressions are respec- 
tively .4" = (I. and A'=A : luit with reference to idempotent expressions, it 
will always be ati^umed that they are of Uie form 

unless it be otherwise distinctly stated. 

26. DMaion is the rerene of multiplication, by which its restilts are verified. 

It is the process for obtaining one of the factors nf n L'iven product when the 
otlier Ai' tor is given. It is important to di.stinguish the position of the f^iven 
factor, whether it is facieut or faeiend. Tliis can be readily indicated by com- 
bining the sign of multiplication, and placing it befiwe after the given 
fiKstor just as it stands in the product. Thus when the multiplier is the given 
fitctor, the correct equation of diinaion is 

. dividend 

qnotient= 

dividor X 

and the equation of verificatioti is 

divisor x quotient = dividend. 
But when the multiplicaiid is the given Actor, the cquatioii of division is 

. Uivuifud 

and the equation of verification is 

quotient X divisor » dividend. 

27. Exponents ma}' be introduced just a* in ordinary alirelmi. and they 
may even be permitted to assume the forms of the algebra under discussion. 



Digitized by Google 



0 



1%eie fleemt to b« no necMaaty notrictuMn to living them ev«n % wider rangs 

and introducing; into one algebra the e:qioiMiiito ficKHD uioiher. Otlwr ngns will 
be defined when they are needed. 

The deHuitiou of the fuudameutal operations \& an essential part of the 
vocabiihry, but aa it is niljieet to the rales of gntmmar whidi may be adopted, 
it must be rflaerrod for special investigation in tfae difforent algebras. 

Tht Ontvmar. 

28. Quantity enters ad a form of thought into every inference. It is 
always implied in the syllogism. It may not, however, be the direct object of 
inquiry; so that there may be logical and chemiciil algebraH into which it only 
enters accidentally, agreeably to § 1. But when? it is recognized, it sliouUl lio 
received in its most general form aud in all itu variety. The algebra is 
otherwise nnuecessarily restricted, and cannot ei^oy the benefit of the moet 
finiitfbl forms of philosophical discussion. But while it is thus introduced as a 
part of the formal algebra, it is Mt^ed ft) tneiy d^frte and Und o/ NmUaiion m 
its interpretation. 

The free introduction of quantity into an algebra does not evmk involve the 
reception of its unit as one of the independent units of the algelna. But it is 

probable that without such a unit, no algebra is adapted to useful investigation. 
It is so admitted into quutL'rnioiis, und its admission seem.s to have Tnislod some 
philosophers into the o|iiuioD that quuteruiouu is a triple aud not a quadruple 
algebra. This will be the more evident from the form in which quaternions 
first present themselves in the present investigation, and in which the unit of 
quantity is not di.stinctly recognizable without n transnnitatiou of the form.* 

29. The introduction of quantity into an algebra naturally carries with it, 
not only the notation of ordinary algebra, but likewise many of the rales to 
wfaidi it is stttgeck Thus, when a quantity is a Ihetor of a product, it has the 



* Hamilton's total exclusion of the imo^nar; of ordinary algebra from the calculus as well as from 
the interpretation of quatemion<i will not probably be accepu^l in the future deTeloiiment of thto 
Algobn. Itevilic<^ the re«oim'<vi of hi^ gcniux Uint he was able to accomplish his invi-xtiKntiuns un<l«r 
Hmh tnauoiab. But like the restrictionB of the ancient geometry, they are inconsistent with the 
fHIW^flfffr^'^'"' broad philosophy of modem sciencA. With the roHtortition of tiwordinarj ima^tiary . 
qpitOTlaDI bseomi^s Hamilton 'h biquatiTnion:*. From this point of view, all tiwdgtblMOf thi>r*»t»irch 
wanM b* otiM bi-algobcM. Bnt with the ordiiutry xvaa^pnaKj » inwlTad » TUt piMrar otflfiU, aad 
fbmSUUbKHIm^ naiiMa ihacdd correspond ; and tb« algalwa wWcb kwi it ilHiaM tan tta iiii<i lfil>>< 
■■MmlaidioaladhjrnMihaiiUMaalluitof » wiirf olgilw. 
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nme influence whether it bo fiM9ent or ftuaend, flo that with the notation of 
{ 14^ there is the equation 

Aa = aA, 

•ad in sodi a product, the quantity a may be called the eo^fident. 

In like manner, terms which only differ in their ooefficients, may be added 
by adding their coefficients ; thus, 

{a ii h)A=:aA ± bAsz Aa:k Ab = A{a ± b). 

90. The exoeeding simplicity of the conception of an equation inyolves the 
identity of the equations 

A = B and £=A 
and the substitution of B for A in e7eiy ezpreanon, so that 

or that, thf mf-mlM rK of an njualion may be miituath/ Inmapoted Or timuHimBBiluSff 
increased or dtxTvand or midtijilitd or dirulnl ft;/ njunl '-xfiri^xMioif. 

31. Kow far the principle of § 16 liniiii> the cxteut wilhiu which the 
ordiiiiiry symbols may be used, canoot easily be dedded. But it suggests limi- 
tntions which muy be adopted during the present disensrion, and leave an ample 
field for riirioiis investigation. 

Thr duttributite pruwi^lc o/ multiplkation may be adopted; namely, the 

principle that the product of m algebraic sum of factors into or by a common 

flustor, is equal to the corresponding algebraic sum of the individual produeta of 

the vurious factor* into or by the common Ihetor; and it is ei^ressed by the 

equations ^ 

{A±B)C-Aif± BO. 

0(A :^B) = OA^ OB, 

S2. Tie aatoeiatkx prineipl» of m^fMetOkn may be adopted; namely, that 

the product of successive multiplications is not iiflVctcd by the order in whidh the 
inultiplications arc performed, jit oviiled tlirrt' is no L-hange in the relative position 
of the factors; and it is expressed }>y the ecjuutious 

ABC = {AB)C= A{BC). 

This is quite an important limitation, and the algebras whidi are subject to it 
will be called tmoekiHve. 
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33. The iiriuciple that tlic value of a product i.s not affected by the relative 
position of the factors iu called l/w: commuhiticf prinviplt!, and is expressed by the 
equation 

This principle i.s no^ adopted in tiM present investigation. 

34. An algebra in which evorv ox|)rosHion if< reducible in iho form of an 
algebraic sum of terms, each of whicli coasists of a single Iciier with a quanti- 
tative ooeffidnit, b called a Kmctr algtbrn.* Suoh are all the algalmB of the 
pieeent mTestigation. 

35. Wherever there is n limited number of independent conceptions, a 
linear algelira niuy Vte adopted. For a combination which was not reducil>le to 
euch an algel»-aic sum as thoHC of linear algebra, would be to that extent 
independent of the original oonceptione, and would be an independent oonoeption 
a l litioiml to thoee which were assumed to constitute the elements of the 
algebra. 

86. An algebra in wliich there can be complete interchange of itu indepen- 
dent units, without ehanging the formulae of combination, is a eompteleljf 

aymmitrii-^il nlijihra; and one in which there may 1>e a ]iarlial interchange of itS 
units is jtiirlhiHij f:>/nini'fri'tiJ. Rut the lerm symmetrical sliouM not be apjdied, 
unleA8 the interchange iH more exteiuive than that involved iu the diutributive 
and oommutatire principlea An algebra in whidi the interdumge is effiMted in 
a certain order which returns into itself is a ofdte algAra. 

ThuH, quaternions is a cjclic algebra, because in any of its Amdamental 
equations, such as 

t«=:-l 

there can be an intercliange of the letters in tlie order i , j . k, t, each letter 
being changed into that which follows it. The double algebra in which 

»*=«', V=i 
j*=Jt J*=J 



* b (IM WieiU SiglfallM of Dt Ifoisait'^ ''IMpla Algebra," the distributive, aixwciative and vm- 
piimijim wm all addplad, and thqr imm all liaaar. (Da Motb*"'* alcabraa an "aaari- 
' 8aaChiriMdc«FULTiaaa.,Tiil,S«1.] (a&P.] 
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n cydic becanse tlM letters are interahaageable in the order i, j, i. But neither 

of these algebras is commutative. 

37. When an algoln-a can bo reduced to u furm in whirb all the tetters are 
expreiised U3 powers of some oue of them, it may be culled a iMmtial algebra. 
If the powen are all iquaree, it maj be called quadraHe; if they are cabea, it 
nay be called cubioj aad omilarly in other casea. 

JAnmr Asaoisiaiive Algebra. 

38. All ihi cxpre^niom of nnahjil'i'i are ditirAiiiiae, wieMiier At dutr^iitivt 

princijik extiiuls to nU. tlu h frff! o/ t/ie alphabet. 
For it is obvioiu> that in the equation 

each letter can be multiplied by an integer, whidi gives the fbrm 

in whidi a, 6, e and d are inteigerB. The integers can haTe the ratios of any 
Ibur real numben, so that by simple division they oun be reduced to such real 

uurabers. Other similar equations can also be formed by writing for// and fc, 
and bi, or for c and d, c, uud (/], or by maiuug both thetie substitutions simulta* 
neously. If then the two first of these new equations are multiplied by J and 
the last by — 1 ; the sum of the fbur equations will be the same as that whidi 
would be obtained by sulratituting for o , h, c and d, a + J«i , b + Jfcj , c + Joj 
and fj -f- J(?j. Hence a. h, r and il may bo any nuraliers. real or imaginary, and in 
gcin.:ral whatever mixtures A, B, C and D may represent of the original 
units under the form of an algebraic sum of the letiets t, k, Ac, we shall 
have 

{A + B)iC + D)=AC+BC + AD+ BD , 

which is the coiniilete exprcfision of the tlistribiitive principle. 

39. An a/gtbra ur atuMJciative whenever Uie annociative pruiciple extends to all the 
ktten o/ U« ulphahtit. 

For if ^ = X((n)s=<tt + ff^*+<^ + Ac 

C = X{ci) sz ci + cj + + &c. 
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it is obvious that AR=1 {nhiij) 

{AB)C=1 («iir,y A-) =z A {JiC)= ABC 

which is the geueral expressiuu uf the associaiive priuciple. 
/ 40. /r everjf linear tutoeiative^ tdgdnv, there it at hart one idempot^t or om 
tnfpolent eaipremon. / ' / •' 

Take any cfnnhination of lotters" at will and dandfe if I v .1, lis square 
is geoerally iudependeut of A, aud iia cube may also be iudcpciidcut of A 
and AK But the number of pofpera of A that aie independent of A and of 
each other, cannot exceed the number of letten of the alphabet; lo that there 
must be some leust power of A which is (ii'iietideiit upon the inferior powers. 
The mutual dependence of the poworri of A nmy he expressed in the form of an 
equa(i<ni of which the first member is au algebraic mm, such an 

ML Uie terms of dik equation tint invohra the square and higher powers of A 
may be combined and expressed as BA, so that B is itself an algelnaic sum of 
powers of A, and the equation may be written 

BA + aiA = (B-^adA = 0. 

It is eaqr to deduce fh>m this equation suooessiTely 

{B + a,)A"= 0 

so that is an idempotemt expressioa. But if a, vanishes, this expression 

becomes infinite, and instead of it we hare the equation 

so that J? is a tiilpotont exprcfision. 

41. When there iu an idvmjiotent expraution in a linear associative algebra, it 
can be assumed as one of the independent units, and be represented by one 
ih» JMen of At oHifAabet} and it may be called ihe hatu. 

Thr rvmaining units can be ao eelecfrd as to fx M fxintf/fi' info four dUfinct ffroiijts. 

Wi/h /■' /' r^-nnr to thr }iasix, tfif initf^ u f Oif fr- f 'Ji'""l< '" ' i'^' m fndnrv ; thtixf of 
the second groujj are idem/aciend and nil/acumt ; thair of the third group are idem- 
fiteiKd and n^aeiend; and Aote q^ the/burtk group are mi^aetore. 
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First. The posfibility of the selection of all the remaining units as idcni- 
fucieud or uilfauiend U easily established. For if i is the idempoleut base, it^ 
definition ipreB 

<•=»•. 

The product by the basis of another expreasion such as A may be represeated 
by B, so timt 

wlkieb give* 

iB=PA = iA = B 
^ i{A — B) = iA — iB=iB — B=iO, 

whence it appears that B- la idemf aciend and A — B is nil&ciend. Id other 

wdr'l?. A is flivided into two jiartN. nf whii-h one \^ idninfaciend and the other is 
uiifacieiid ; but either of lhe!>e purls may )>e wanting, so as to leave A wholly 
idemfaciend or wholly nilfaciend. 

SeeoneUtf. The atill &rther nibdiviaion of thetn portion* into idemfiieient and 
nilfiKuent is* easily shown fo lie jiossiltle hy this same method, with the mere 
reversal of the relative position of the factors. Hence are obtained the required 
four groupu. 

The bans itself may be regarded aa belonging to the flnt group. 

42. Any algebraic sum of the letters of a group is an expression which 

belongfi to the same £rr<)ii|i, uihI may l>e eiilled /<ic/oriV</(y fiomoi/i ...t mix. 

43. 7'A< jircK/nrt of tiro fiirforiiil/i/ /lomo'jvni'ous cxjjnmioivi, tchidi (i(m not 
wmish, is Usci/ /actorutlly homogi-neotts, ond ii» faciend wme it Ae same as Quat 
of itt faciaU, tehtk Un facitnt name vt the mxme tu (hat of iU faeiencL 

Thus, if A and B 9X9, each of them, (kctoriaUy homogeneoua, they catiaQr 
the equations 

HAB)=(iA)B, 
(AB)i=A{Bti, 

whieh shown that tlie nature of the proHnct as a funeml is the same ns that of 
the facicut A, and its nature as a facient ia the same that of the facicud B. 

44. JBinoe, no produet leMeh doet twt vamtk am is oommulaftiM imles* ioA Uv 
fadon belong to the tame grmi^. 

/: 
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46- Eoery product mnixhcu. of wh 'uh flw /a' Unt it idtrm/ucicnt whiJe the Jiuimd 
it n^aciend; or of which (he frnvni U nilfaiiAmt toi&tfe Ove /aciaiA it idtn^aeiend. 
For ID eiUier caae this prodoot imrokea the equAtion 

46. The combinatioB of the propositions of §{ 48 and 45 is expressed in the 

following form of u multiplicalion table. In \\\\» taMc, each factor 18 expressed 
by two letters, of which the first denotes it.s name as a fiiciend and the secrond as 
a facieut. The two lelterti are d aud n, of which d tituud:^ lor Ulcm uud n tor »<7. 
The fecient is written in the left hand column of the table and the Ikeiend in the 
upp* ! lii ' The diaracter of the product, when it does not vaniijh, is denoted 
by the ( (iiiihiuation of letters!, or when if must vanish, by the zero, which is 
writtou upuu the same liue with the lacicMt and in a coluiuu under the faciend. 





dd 


dn 




nu 


M 


dd 


dn 


0 


0 


dn 


0 


0 


dd 


dn 


nd 


tid 


«J» 


0 


0 


im 


0 


0 


nd 


UH 



47 It is apparent from the inspection of this table, that merjf ea^preMton 
which belongs to the second or third group is nilpotcnt. 

48. It is apparent that all eommalaiiw predudt tMeh do not tMmwft ore 
rettri' tfrl to ihtfint and fourth gna^. 

49. It is apparent thid t-viM v continnous jirnduct which does not vanish, has 
the name faciend name iiii lirst facieut, aud the same facient name as its last 
fiunend. 

50. Sinoe the products ni' the units of a group remun in the group, they 
cannot sen-e as the bond for uniting; ditTcreiit {rroups, wliich are the necessary 
couditious of a pure algebra. Neither can the first and fourth groups bo con* 
nected hf direct multiplication, because the products vanltii. ne first andfowrfk 
yroupt, Aer^iart, regmre/or their indittobMe imiim nUo a pun tUgAm &at there 
tihMid be vnite in eadk </ the oAtr two ffroupt* 
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61. In Ma Mfstm irbiob ha* mom tfaaa two independent unitoi it euinot 
happen ihsk all the units except the base belong to &e second or to the third group. 

For in this case, oarli luiit taken with the hase would constitute a double alpehra, 
and there could bo no bond of couuectioa to prevent their separation into 
distinct algebruu. 

52. 7JbtMiAl»^Cft«yburt&9roti^ai««tf^ei4to«mi!^^^ 
comtituted an algebra of tfienueiees. There must be in this f^roxip an idempotcnt 
or a nilpotont unit. If there is an ideinpotent unit, it ran be adopted as fh^ 
hnsiti o/ this groiqj, through which t/u yroHp ctm be nubdivided into ntihsidiary 
ffroiijts. 

The idenipotent unit of the fout tli ^roup can even be made the basis of the 
whole al^icbni, and the first, second anrl thirtl srroups will respectively become 
the fourth, third and second groups for the uew basis. 

63. Wkn tite first group <x>mpriiies atiy unUt eaeipl <ft« haai», <tsf« it Imiiu 
Ae AoMS anothw ide mp otm i ex/mBsmon, or then it a ttilpoiaU expremen. By a 
process similar to that of ^ 40 and a similar argument, it may l>e shown that for 
any espresjsion A, wliicli belongs to the first group, there is .some least power 
which can be expressed by meauB of the basis and the inferior powers in the 
form of an algebnue sum. This oondition may be expressed by the equation 

If then h is determined by the ordinary algebraic equation 
and if 

At = A—hi 

is substituted for A, an etpiation is obtained between the poweis of A, from 
which an idempotent expresaion, B, or else a nilpotent expression, can be 
deduced precisely as in § 10 * 

64. WJten there is a Mmntl i'li miioteiU nnil in the first group, ihf Utxis can he 
diangei «o <w to five ike first group fivm fhia second idempolatt mut. 

Thus if * is ^ basiB, and if y is the second idempotent unit of the first 
group, the basis can be changed to 



* Hu eqaatian in A mmj have no algebraic KilatkHi. in which vmv t)i» now ideinpoU'ut ur uilputont 
woddnottoadlnetaicriinietaitollimaf faadil. [a&P.] 
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and with thli new bMb, / paaaes from the fint to the fourth group. For 
Firtt, the new bona ie idetnpotent, since 

end secondly, the idempotent unity passes into the fourth group, since 

'J — ('■ - J)j = V—f = J—J = 0 . 
Jh =J{' —J) =ji—r —j—j = 0 . 

55. Witfi till jrrtff iling rhftntf of />ri*M, fxiirtH^iow may jKiti from idett^adent 
to nU/acimi, or from idem/acimd to nU/aciend, but not the reveret. 

Yotfint, if j| te nil&dent with reference to the oripnal baaiB, it is also, by 

1 45, nilfacient with rori-n^tice to thr ui^vv basis; or if it a nillkciend with 
reference to the original Im.^is, it is nilfaciend wiili n'rcii'iirt' to th<» new basis. 

Secondly, all ex^ucsHioiis which arc idcuilaoicut with reference to the 
original hoeifl, can, by (lie proceas of § 41, be separated into two portions with 
reference to the new basis, of which portions one in idomlacient and the 
other is nilfaricnt ; .-^d Ihn' tlio i'lriiilai i«'!it portion remains ideinfacient. and the 
remainder passes from being ideinfacient to being nilfacient. The same process 
may be applied to the feciendfl with rindkur oonduiioiM. 

66. It is evident, then, that each group* can be reduced so as not to contain 
more than one idempotent unit, which will be its ba^is. Tn the groups which 
bear tn the bo-sis the relations of second and third groups, there are only 
nilpotcnt cxpresaions. 

67. JH a group or an dEgefira vMek haa no idempekni eijpnwton, al7 <le 
txpremom anvilfiotetU. 

Take any expression of this group or algebra and denoto it by A. If no 
power of A vanished, there must be, as shown in § 40, some equation between 
the powen of il of the form 

in which oi must vwudit or else there wouUl be an idempotent expreesion ae ia 
shown in { 40, which is contrary to the present hypothesis. If then in, denote 



* That ia, the fint group as weU aa each o{ the bulwidiary gioujis of ) OS. (JCL BL P.] 
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tho exponent of the least power of -'1 that entered into this equation, and w„ + A 
the exponent of the highest power that occurred in it, the whole number of 
term* of the equatiiHi wonU be, at most, A + 1 • Ifi now, the equation wew 
multiplied sttooeaeively by A end by eeoh of its powers as hi^ as that of whicb 

the exponent i^i (?n„ - . this highest exponent would denote the number of 
new equations which would be thus obtained. If, moreover, 

then the highest power of A introdnoed into these equations would be 

The whole numher of powers of A contained in the equationH would be W|,A + 1 , 
and A 4- 1 of these would always be integral powers of B ; and there would 
remain — 1)A in number which were not integral powers of B. There 
would be, therefore, equations enough to eliminate all the powers of A that 
were not inte^al powers of D and still leave an e({uation between the integral 
powers of B and this would generally include (he fiiift power of B. From 
this equation, an ideuipoteut cxpros^iou could be obtained by the pruceiss uf § 40, 
which is contrary to the hypothesis of the proposition. 

Tlioi efoi c it cannot be the Gaee that there i^ any equation such as that here 
assumed; ami therefore there ran lie no expression which is not nilpotent. The 
few cases of peculiar doubt can readily be solved as they occur; but they 
always must inTolve the poasibiliiy of an eciuation between fewer powers of B 
than those in the equation in A* 

58. WJirn an ea^praMum it uUpoiad, ail Ub poum vehidt do wd vaniA an 
muluaUy independenf. 

Let j1 be the nilpot«nt expression, of which the it*^ power is the highest 
which does not vanish. There cannot be any equation between these powers 
of the form 



*iassa<Bglh>itt»«qa«MiiBtegwfll| |w i uiB H)iDclBd«tta flnt powar of J>, ha SnMadi to wttn 
^ViMllOBor wtMttarOkslmjFakvvaBa. lbr,ii»iMMiu,tt «lifaitiiotdw«MO than dw oqoatiaB 
iBBktftbotnatadjiaSHdweqBBtiimiuilliHtantnatadfHidaMbiopotik^ pioaooi oraat 
e l Um a taly iiw d aea an aqaafen from whiofa aWwr «a Ma a a p oleBt a Kjj aaiiea oouM ba tooad, or alaa A 
iPoiiIdboiiravadallpolaBS. [C. 
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For if were the exponent of the lowest power of A in this equation, the 
moltiplieation of the equation by the (n — power of d leduce* it to 

0.^4" = 0, «„=0, 

that is, the m,'^ power of A disnppt'nrs from tlie LM]u;iti(j!i, or tliere is no leMt 
power of A in (be equation, or. more dciinitcly, there is uo sueh equation. 

69. In a yruujj or an algtim wUefc MnAttfw no idempotent expnnioH, anjf 
expiVMion maff ba tdeded at Ae batU; hut one i» pr^/erabl8 iMdi ka» 
gntttent mimhir of i/oir< r> ichich do not mnis/t. All the powers of tlie basis which 
do not vanish may he adopted as mdependent uuits and repreaented by the 
letters of the alphabet. 

power* o/ U» basu thni Jo nut rnnisft, provided the beaie it telected by the 

preoedinfi principle. Thus, if thtt squart'? of all its expressions vanish, it is of 
the Jimt ordtr ; if the cubeu all vauijjh and not all the tiquares, it ia o/ the necoiui 
onfer, Hid 00 on. 

60. It is obvious that m a ni^pofeitf gnmp vohou erder egwdt Ab number 

of hffrrs whirh if miiiKliDt, oB the bttcn meeft Ae hati$ may be taken at Ae 

sucoenitive jMUxm of iJu: bu^ is. 

61. la ft ailpotent group, every expresuiou, such as A, has some least 
power that is niUSMsieDt with reference to any other expression, sudi as B , and 

which corresponds^ to what may be called fhr faciml order of B relatively to 
A \ and in the same way, there i-^ some Ica.'Jt power of A which is nilfaciend with 
reference to Ji , and which corresponds to tfie faciend order of B relativelj/ to A. 
When the ftcient and fiieiend orders are treated of irrespective of any especial 
reference, they mmt be nft rrrd to the bmi . 

The farif rit ordt r of n jinMlurt irhi'-h f/o- v nof vanish, is not higher than AtU <(f 
ii« faeient ; mid the faciend ordvr i« nU hiy/ur tJiaii that of itt fiu-iaul. 

62. After the selection of the basiB of a nilpotent group, some one from 
among the expressions which uro independent of the basis may be selected by the 
same method by which tlic liusis was itself scliji tLM], uliirh, toij>tlit r u Uh <tU itn 
jjvwers that are indejjendeiit of (hv Utnis, may U wLopttd a* tKW U ttcrv ; and again, 
from the independent expressions which remain, new kUen may he selected by Ae 
eanu prttette, md M en uatU Ae aljMbet it eiMtpUed. In making these selectiona, 
regard should be had. to the fikctorial orden of the produots. 
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63. In every nilpott^nt ^ronp, the facif-nl onhr of any letf/r wJr'rh indepen- 
dent of the basis can be assumed to be as hw as the number 0/ letters which are 
tndtpendaU A$ hama. 

Thua, if the number of letters whioh ere mdependent of the beeis ie denoted 
by n' . and if n is the order of the group (and for the present purpose it is Buffi- 
cient to regard «' aa being less than »), it is evident that any expression, A, with 
its successive products by the powers of the basis i , as high as the u'^^, aud the 
powers of the baaie which do not vanish, cannot all be independent of one 
another ; so that there must be an equation of the form 

i-Omi" + 0-^-^ = 0. 
1 « 

Aocordin{^7, it is easy to see that there is always a value of of the form 

whidi will give , 

which corresponds to the condition of this section. 

Tfii n is a simHnr roinli/ion tehich holds m every msleetim nf a new letter by the 
metlwd 0/ l/ie jjrctrdinij mvtion. 

64. Jn a nUjjotetU grouj), tlie order o/wkitA w hf» by unity than <fte munber 
teUen, At Idter iMUeft m tsadapendnt pfAa harit and tf* povoen may he to a tle et td 

(hat product into the fnts-is ithoU he eijual to the highest /ioicer of the bonis which 
does not vanish, and lluil iii square tthall cith r vanish or Mhal/ aluo /«? equal to the 
Mghe$t power of (he basis that does not vanish. Thus, if the basis is i, and if the 
order of the algebra is n , and if /is tiie remaining letter, it is obvious, from 1 68. 
that/ might have been assumed such ^t 

V = 0. 

which gives 

and therefore, /* = at" + bJ , 

0 = = = JVt =6, 
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BO that if 



we have 



M = h"=iii 



and t'l and^'t can be mibatituted torivaAj, which oonforms to the proposition 

enunciated. 

It must be observi-ti, Ituwcvcr, that ttic aualysifi needs correction when tlie 
group ifl of the eebond order. 

65. In a nilpofirid ffrouj) of th jiM onbr, tin nigrt a prtduet i$ merdy 
rnened ^ ehangmg the order qf Ub /aeimra. Thug, if 

it followB hj developnient, that 

BA=—AB, 

which is the proposition enunciated. 

6G. In gt m ml, in any nilpotent group <if tke v?^ order, if {A*, Ef) dmotee &e 
turn qfaUpoeaUtkpnduefeiif the Jwrm 

if» I^B^ ATBT . . . 

in wlucli 
and if 

e + tssn+ 1, 

it will he found that 

{A', fi*) = 0. 
For nnce {A + xB)'+^ = 0 

whatever be the value o( x , the multiplier of eadi power of SB muet Taniehf which 
gives the proposed equation 

{ii'J5') = 0. 

67. Ill Jirst group of an altfebra, havimj an idtmijotait basin, all the ixprtm- 

Motw exeqd Cfte haeie map be aetumed to be nilpotewl. For, by the same argument 
as that of §53, any equation between an expresrion and its suooessivc powers 
and the basia must involve an equation between another ezpreasion wliidi is 
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easily defined and its successive powers without including the hasi$. But it 
follows from the argument of §57, tJiat such an equation indicates a corres- 
ponding idempotent exproiaion ; whereM it is here aanimed th»t, in aecordanoe 
with § 56, each group has ^een brought to a form which does not contain any 
other idempotent expression than the beais. It mtufc be, therefore, that all the 
other expressions are nilpoteut. 

08. No product o/ expremont inHtefinl group an algAra kcanng on idem- 
peknt haeie, oontatiw a term vStkh it a wtulHfh itfik» hade. 

For, UBome the equation 

iLfi = — x» + (7. 

in whidi A , B and O are nilpotenta of tiie orden m , n and p, reapeotiTelj. 
Then, 

0 = A"+ »5 = — ssA- + 
Q=A'0'+*=atA'0'=^A'0'-^=a^+W=», 

that ia, the tenn — xi Tanisbea from the product AB. 

69. It follows, firom the preoeduag aeotion, that if ike idempakid hiaiie team 

takai away from (he firxf yronp of loUdl it u> the hwfi«, the rvmombig bUen qf <Ae 
Jint group would LvmtUate by themselves a nilpotent algebra. 

Conversely, any nilpotent algebra may be coiioert4id into an algebra toUh an 
idempokat baeie, bjf the eimpSh ofutemlton a tetter ideinfiieiend and idetufaeimt 
fvith reference to eeery other* 

70. Flowc'ver incapable of interpretation the nilfactorial and nilpotent 
ezpresiiious uiuy appear, they are obviously an essential element of the calculus 
of linear algebras. Unwillingness to aoeept them has retarded the progress of 
disooTery and the investigation of quantitative algebra.-^. F^ut thi^ idempotent 
basis seerus to be equally es'<ential to actual interpretation. TLl' puitjly nilpotent 
algebra may therefore be regarded as au ideal abstraction, which requires the 
introduetion of an idempotent baais, to give it any position in the real uniretse. 
In the subsequent investigations, therefore, the purelj nilpotent algebras must 
be reg-.irdod tlio first steps towards the discovery of algebras of a higher 
degree resting upon an idempotent basis. 
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71. Sufficient preparation is now made for the 

IKVESTIOiLTION OF SPECIAL ALGBBBA8. 

1%! /olloicing notation v)&t be adojAed tn thete researches. Oonfennably with 
1 9, the lettWB of the alphabet will be denoted by I, /, k, I, m and n. To 

these letters will also be rospodivcly n.^si^rtifl the numbers 1, 2, 3, 4, 6 and 
6. Moreover, their coefiicienta in an algebraic sum will be denoted by the 
letters a, b, c, d, « and /. Thus, the product of any two letters will be 
ezpreeaed by an algebraic etun, and below ead ooeffident will be written in 
order the numbers which are appropriate to the flustora. Thu% 

while i 

In the case of a square, only one number need be written below the coefficient, 
thus 

fi* = «■ -f hgj + k -f f/, / + m +/j n . 

The invcsfitration .simply consists in the determination of the values of tl»e 
coefficients, corresponding to every variety of linear algebra; and the resulting 
products can be arranged in a tabular form which may be called the multipli- 
cation-table of the algebra. Upon this table rests all the peculiarity of the 
calruliis. In pach of the algebras, it admits of many transfnrnoations, and much 
corresponding speculation. The basis will be denoted by i . 

72. The distiuguitthiug of the suoceesive cases by the introduction of 
numbers will explain itoelf, and is an indispensable proteetion from omission 
of important steps in the discusrion. 

BiNGLi! Algebra. 

Since in a single algebra there ia only one independent unit, it requires no 
distinguishing letter. It is also obvious that there can be no single algebra 
whidi is not aeMMStatiTe and commutative. Sngie algebra has, however, two 

[1]. when its unit is idcuipotcnt ; 
[2J. when it is nilpotent. 

[1]. The defining equation of this case is 
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This algebra may be called (<ii) and ita maltiplication table ia * 

(«,) < 



i i 



[2]. The defining equation of this cnse is 

? — 0 

Tliis algebra may be called (Z^,) an<l ius luultiplicatiou table is f 

DouBui Aicnnu. 

There are two eaaes of double algebra: 

[IJ, when it has an idempotent expression; 
[2], when it ia nilpotent. 

[1]. The defining equation of this caae ia 

By t^n^ there are two caaea: 

[1-], when the other unit belonga to the first group ; 
[123. when it is of the second group. 

The hypotbeus that the other unit belongs to the third group ia a Tirtual 

repetition of [12]. 

[I'j. The defining equations of thin vma are 

Tt follows from §§^7 and 69, thnf fhfre i" a Jmible iilfjehra derived ttOtH (bi) 
which may be called (ci,), of which the multipiication table i^^ < 

tThtoalffrtmtakMflMtamfs^sB, tettiksiDsCTClirtlTW. [aaP.] 
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i 


i 


J 




• 

J 


J 


0 


» 'l 


[12], The defining equations of this case are, by { 41, 


if 

whence, by § 46, 




0. 




A. doable algebm is thus formed, which may be called (^), of which the multi- 
plication table is* 

(*,) ' j 


i 


i 


J 




J 


0 


0 





p]. The defining equation of this case is 

»* = 0, 

in which n is the lenst power of i which vanisliea. There ai*e two cases: 

[21], whenn=S; 
[2F], when ft =2. 

[21]. Tlie defining equation of this case is 
and by §G0, 

'I'liiH ^ivoi a (luulile algchni wliicli may Ih; called (r-,), it-s iiiuUiiiliiAitiun 
table being f 



*Tlito algelN» iMy te |iat in tli» fonn f=.4 iAtJ^A iB. |C. B. P.] 
tbi Klitttn tonu, {:^A:B+B:V, J=A iC. {C. S. P.] 
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0 


0 


(1 



[2'3. The defining equations of this au^v are 
and it fbUows from {| 64 and 65 that 

tiu that ilierc in no pure algclim iu thi.s olsc.'" 



Triplb Algbbra. 



There are two eatea : 



[Ij, wheu tkcTu is uu itleuiiJutuut ba^is; 
[2], when the bans is nflpotent 

[iJ. The tlefiiiiug t'nuatioa of this ciitiC is 

i' = ». 

There are, by §§ 41, 50 and 51, three casee : 

p.*], whenjf'aud karc both in tho first ?roijp; 

[12], \vhon_/is in the fiisl, anil k in tlio i^oootnl ^roMp; 

[Kij, when,/ \s in tho second, ami k in llu' tlrinl uiinip. 

Tho ( juic of J bciug iu the first, aad k iu the third gruup, is a virtual 
rcjiutitioii uf 

[1*]. The defining equations of this case Jire 

y = j7 =y , lit = ki — k . 



••nuatMUaaHhetmat-A-.B, J-C:D. [CAP.] 
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It follows from §§ (iT nii<l (10, t!i;it tlie only iilizolira of iliis case may be derived 
fcom (c^); it may be called {n,}, atid its iniiitiplioatioa tabic ia* 



(«.) 


i 


j 


k 


i 


< 


J 


k 


« 

J 


J 


k 




0 


k 


i 


0 


0 



[12]. The defining equatioue of this case are 

Ji = i/—j, ik^k, ki = 0; 
whence, by $$ 46 and 67, 

j^h- z={)= c„Jk = 4* = =Jk„ 

and there is no pure nlgcLin in this r!ise.+ 

■[ISJ. The dcliuing equatioii.s of this case aro 

ij = J , /./■ = /.• , J! = ik = 0 ; 

whence, by $ 46, 

jkj = 0 = (/, J r= rt„ =Jk, 

and there is uo pure algebra in thi.s cmse.J 
[2]. The defining equation of this caw is 

»- = 0, 

in which n is the lowest power of t that Tanishes. 
There are three cases: 

[21]. wltcn n~A; 
[2"J, whcu /< = 3 ; 
[23], when 11 = 2. 

•In relative fonu. t = .l : A+ fi : H -ir C ■(■ . j - A : B + li : (\ k=.A :C. [C R P.| 
t '11 1, It i~ t' I •'.ly, I ami J !>> tlii iiiJ. lv)' ; f.-ni: tiio altti'bni n, , ami i ami k by tliiMi\~i'l'. i'. .Tl^■(:'.ll^■ tlu' 
al);iUr:t li. . while Uil> }j[oJucU u( j lUlU k vaaiUi. Tbas, the Uireo letters ore uut iadui»jtubly buund 
toKfther into one ilglrtint^ Ib hIhUto tam, dUi ciMia, <:s.A:A+B:B, JssAiS, kisAiO. 
[C. 8. F.J 

tlntt»iAntom,i=:A:A+D'.0,j=A'.B, kstV.D. (aaP.J 
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[21 j. The dciiniag equation of this case is 

and br § GO 

TIut> gives a triple algebra whtcb may be called {h^ the multiplication table 
being* 







j 


k 


t 


J 


k 


0 


J 


7c 


0 


0 


I( 




0 


0 



[2*]. The definiDg equation of thifi'cnse is 

i» = 0, 

and by ||59 and 64, obserring the exception, 

ki—bfj, ifs^bj. 

There is no pure algebra when ranidieBtf and there are two cases : 

[2*1], when b, does not vanish ; 
[2^, when vanishes. 

pS*!]. The deflodng equation of this case cm, without loss of generality, 
be reduced to 

This gives a triple algebra which may bo called (c,), the uiultipUcation table 
being} 



•In rflalive f,irtn. A ll : C+ C.P. J-A ■C+li-.D. k=A :D. [C. S. I'.] 

t This case takea the mhuivc form, i= A:B-i- li :C, j = A:a, k = b,A :D + D iC, [C. 8. P.] 

tin relative fkwB, is A :B+B',C, :C, *=a. A '.B+A:D+D'.C. [C B. P.l 
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J 


h 


• 

f 


J 


0 


0 


* 

J 


0 


0 


0 


k 










An interesting special cxainple of this case is afTordted by a = — 2 , when 

(l- + <)»= 0. 

M tint ifc + « night be subetituted for k, and in tliia form, the multiplication 
table of this algebra, which may be called {cf,), i»* 





0 


J 


0 


0 


0 


-J 


0 


0 



•XBnMf«ten,<B4:0+«:C,y=il:C, kzs-^AsB+BtO+AtD+OtO. 
WlMBa=+S, dwalgabntqiutlly utVcn tlie form («;), on «ibilllutlq( k—i fbr *. Ob tlw othar 
biiiiAjpnvidadaiiiutllMrSaat— a, UieulgobminairlMpiitlnthstbna 



(0< 


i 


k 


t 


0 


0 






0 


0 


0 


» 


6-y 


• 


9 



(ft— D/fkir/. qwwtfMdIgBhBi [>,) h— two dirtiDct M>d tntranwuUhta wgrnAm, (ejjMid W). [a&P.] 
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[2']. The dieting equation of this case i$ 

j5? = 0, 

and 6ti may be reduced to unity witiiout loan of gcucrality, giving a triple 
algebra wluch may be called (<^), tbe multiplication table being 



i 


; 

J 


0 


0 


• 


0 


0 


0 


k 


• 


0 


0 


lu this case 


('■- 


= 


(1 



(t-jfc)« =0, 

so that i — k may be substituted for t, and iu this form the multiplication 
table ie* 



J 

k 



0 


0 


0 


0 


0 


0 


J 


0 


0 



[28]. The defining equatiom of this caae are 

and by the pi iiiLi|»lo.s of §§ OS and 65, it may be assumed tlut 

if = —ji — — ik = ki = 0 , 
— it/ = ». 



*Io teUtive lona, t—B:C, j—A :C, k = AiB. TUi 1« tlio »Igetm of alio-iebilMw in ilk 
IgrViMllbni. [a&P.] 
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We thus get a triple algebra which may be called (c^), ilB uiulliplicatiou table 
being* 





J 


k 


i 


0 


0 


0 


• 


0 


0 


1 


k 


0 


-i 


0 



Qdadsitfle Aloebra. 

There are two CMes : 

[1], wlieii <lieie is an idompotoiil ba«ifi; 
[2], when flu; Imso Ls nilpott'iit. 

[IJ. The detiaiug equatiun of tlii.s case i» 

^• = 1. 

There are six caeee : 

[1*], when j, k , and 1, u'e all in the first group ; 

[12], whon j and h are in the first, and / in <lie .second group; 

[Iri], when j is ill the first, niid k and / in llic second p'onp; 

[l ij, whcny is iu tlie first, k iu the second, and I in tlie third group; 

[15], when j and it are in the eeoond, and I in the third group ] 

[16], when J is in the aeoond, h in the third, and / in the fourth group. 

The other caeea are exduded by §§ 50 and 51, or are obviouely virtual repeti- 
tions of tho.se which are jpveii. 

[1*J. The defining cquatiotit< of this ease are 

ij —Ji —j, {Ji = ki — k, ilszlisz f, 

and from §§ HO ami G!1, tlie algebras (//,), (»■,), (</,), mid {' ,). a;ive quudruple 
silL'i^iir.is which may be iiaoied respectively (AJ, (o^), and {iQ, their 

luuUipliciition tal)les ((eiiij; 

•larvlaa\elorm,i — A:I),j~A:B—C:D. k = A ■.C+ D : l». Ttus u the algubra of ulWruate 
nnmben. p^&P.] 
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• 

J 




{ 




i 


4 
J 


Jt 

WW 


I 


i 


i 


J 


k 


/ 


t 


i 


J 


k 


I 


J 


j 


* 


I 


0 


j 


j 


k 


0 


0 


It 






0 


0 


It 


k 


0 


0 


0 




' 


» 


0 




I 


I 


nk 

- 


0 






i 


h 


I 




i 


i 


k 


I 


f 


i 


s 




I 


i 




s 


» 1 


I 


J 


J 


h 


0 


0 


J 


J 


0 


0 


0 


k 


i 


0 


0 


0 




k 


0 




j 


I 


I 


h 


0 


0 




' 


0 




0 

1 



97he flpedal case (<■',) gives a corresponding spodal case of (A4), which may 
be called of which (he multiplication table \& 

(y.) % j k I 



i 


i 


• 

J 


k 




J 


J 


k 


0 


k 




k 


k 


0 


0 






I 
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The scconr! form nf (d-,) ^TM a ooTreaponding second farm of {c^ of whidi 
the multiplicaiiuQ table is 

(cj i j k I 



i 

Jc 
I 



i 


• 

J 


h 


I 


J 


{) 


0 


0 


k 


0 


0 


0 


I 


k 


0 


0 



[^12J. The defining equations of this caae are 

ij=ji=J, ik = ki=k, U = lg W = 0, 
And it follows flrom §§ 67 and 69, that (c,) ^ves 

j* = k, jk = iQ=lf=:Q, 



and from § 46, 
whence 



y»/ = A-/ = f?,j7 = rf,v, 



and there is no ptiro ;ilr,'clira in this case* 

[13j. The dtifmiiig equations of this case are 

ij =ji =J, ik~k, il=:l, ki = Ii = {), 

which give by §§46 and 67 

0=jt = k* = ki = lk = l* = lg = ^i 
and it may be assumed that 

jJe^l, whence jl=0. 

This gives a quadruple algebra which may be called (ej, its multiplication 
table being t 



•In relative f.jrm, i - A : A + B : II + C . C + D : D . J = A : B + B . C . k=A:C, l=iD:C. 
P3.6. P., 

^lu tt>\aa\o torn, i= A: A + B:B,J= A: B, k = B -.C, l=.A -.C. [C. & P.J 
vat. IT. 
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■ 


k 


2 


i 


t 


. 

J 


k 

1 


I j 


• 

J 


J 


0 


I 


0 


k 


0 


0 


0 


0 


I 


0 

- 


{) 


0 


0 



[14]. Tbe defining equttioiii of tbia caae are 

ij=J{=J, ik=k, K = ?, ki = a=Q; 
iMek give, by {$ 4ft and 67, 

jk = , ij = (I J . II = o„i" + 

0 —j*k = <\-Jk — rlk = =zjk, 
0 = // = dJJ = r/y =d^= IJ, 
0 — a^j — , 

and cannot be permitted to vanish,"' so that it does not lessen the generality 
to aisume 

k! = j. 

This gives a quadruple algebra which may be called its multiplication 
tabla being f 



(/.) 


./ 


A- 


/ 


t 


i 


J 


A- 


0 


■ 


J 


0 


0 


0 


k 


0 


0 


0 


.;' 






0 


0 


0 j 



*nirfbn On algalifs would ({ilftvptetoamdoaUtitcataM |!CL8.r.) 
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[16j. The defiaing equationa of this eue are 

ih=k, K = l, Ji = ki = it=0, 

winch give, by § 46, 

U ~kj =i^ = U = /A = i*> 

0 =j'/j = tf,J = tf„ =jl , 

and there is no pure algebra in this case.* 

[16J. The defining equations of this case are 

which give, by § 46, 
jkj = (I, J = eJaW , = uj^t = "i/"4^' ■ jV = = ik^', 

0 — "is ( ' H = — = — «^«) = (C« — dt)= <-'u('-« — ^/l) • 

There are two eases: 

[1 Gl], when not Tanuh ; 

[162], when d^ TuiiabM. 

[161]. The defining equation of thie case can be reduced to 

d» = l, 

whidi ipvea 

(hi = l^ = c„ = dt. 

than are two eaaee: 

[161'], when f/^ does not Tanlsh; 
[1612], when vanisheo. 

■ [161']. The defining equation of this caae can be reduced to 

which gives 

j'k = i, » = = 

*Iu relative form, i — A:A,j = A:B, k — A:C, l — D:A. There arv Utreo double aij^bru o( 
llMtan(6,). (&S.P.] 



« 
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and there is a quadruple algebra which may be called (g4^ its multiplieatioii 
table beiag 





• 

J 


it 


I 


i 


i 


J 


0 


0 1 

I 


J 


0 


0 


i 


j 


h 


k 


I 


0 


0 




0 


0 







This is a form of quaternions* 

[1612J. The definiag equation of this case is 

which gjlvee 



•1atAliMiotm,isA:A,JsA:B,»stB:A,tstBtB. This alcrtn tsUbNi flw gaMiml 
iUitam «( wIrtlOBrtitp ot iwlivUut ntaflTM, !• ihoini ia my paper in Iba atntit votavt sf Um 
Ifamoinaf OMiOMftoBB AgadMiiyaf Artaaod SoIhhw. iB»ipaiMCltOttrdiaiMUlooi,»TMtorna3r 
be detenniiMd bj «C to NolugBlar pnJwOontoatwo ptaiiMivalifliatCfWTUiMbitlMMMta 
jwrpendionlBr to tiw*rj Un* in th» otbar. Okll diM* pUms Hie wd-pUoe «Bd tiie B-fUM», and lat o be 
■arTwtor. Tba« <vb the projection flf viipgntiw wl-pteiie, and lir tote pnjt^ 
let aaak diiaettOB iBthe.4-plaiiebae(iMidand aatooomsiioiid toadbactkiuliillMAi^flaaainaMha 
wajllMtteanii^balwaaBtwodiraedaaatalhail-ptaMiaaqnaltolliaangla bativamttoaaRavaBd- 
IncdiiaoHoninaiaJiftaMb TlMl^ilri■fll■^|v8eloriBllMA•|]BM wUaheociaipoaiitottapiojaetlaa 
«( vupon thei^flalla,all<J^l>hl^latT^o^orlnl^ha3^plaaaw^llBhca Il ■■ | la m dato^fc>T^^ vnpoa 
tiu ^-plaiie. 

ProfaMOf PalMa tbowed Oat we nay uke f i , /i . it, . iw throo Kuch inutuully |ier[>endiattUr Tec tor* 

in ordinary Hpace. that •*= ' (! - ji,^ . J= J ij,— jk,), k — — j, — ' = -g U ji)- [See, aluo, 

SiKitiUwoode, Proceeding of tlio London Mathematical Society, iv, ISO. Carley. in his Mvrauir on the 
Theory of Matni MH i ISW). had ahou ii huw :i quat<-mlon may r«-|iii s('iit<>! by a dual matrix ] 'nmii 
i.j, k. /, havo all Euro tcnsorx. nrnl j mui k an; ^ct'tor*- In tlif gi'tn-n»l i'»prnp?5i<in of the &lKt!l>ra, 
q — j i ijj + zk -\- tcl . it J- + u' rr 1 an. I ifz — x — . we Iiave ij^^q : if - t — yr. then 
q' = 0. The ezprenioii t + 1 rvpnweubi ecalar unity, ilooe ft i* the univerMl idemfactur. We have, alao, 

99= }-(ar+w)(*+l>. Vi= *.«»-ia|*+itf+aib+^ (»-«)!, JV=<^iS=ii(*+0. 

Tbe re^wmbiance of tlw nwiWpHcalfcm lalila Of fUa tlf/Aa» to Ow i^mMiaal tahls o( IM naito 

attentum. [& S. P.] 



PUBCl: Idmar AsMekUioe Algebra, 



87 



and there is a quadruple algebra which may be called its multiplicatioa 
table being* 



J 
k 
I 



i 


J 


0 


0 


0 


0 


0 


0 


k 


I 


0 


0 


0 









whieh ^irw 



[162]. The defining eq^uation of xinn l-usc is 

«*i = 0, 

and there can be no pure algebra for itf 

[2]. The defiuing equation of tlus caae ifl 

»- = 0. 

There are four cases : [21], when n » 5 ; 

[2'], when /J = 4; 
[23], when n = ^; 
[24], when // — 2 . 

[21J. The deiiuiug equuliuu of thi^ ctise ia 



.' = 0. 



and by § 60 , 



= j. P = k, »•=/. 



This gives a quudruple algebra which may be called (i,), its multiplication table 
being ^ 

*litaiMft«m,isA:A,J=A:B,k=C:A^tB.C'.B. |!aa.P,] 
tIatliitcaM,<=il:il, l=tit{fi:B^Ci<fl,JsA:B«tsA:D,»sOiAaziStA. la&P.l 
tJaritattn 1am,isA:B-^BtC+a:D-¥DiS, i-AlO-^B-.O-^OiBt »=^:J>+A:Jr, 
1=^:,*. [C&P.] 
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J 


h 


1 


i 




k 


I 


0 


J 


Je 


I 


0 


0 


k 


I 


0 


0 


0 


I 


0 


0 


0 


0 



The deflniikg equation of this case U 

and by § 59 , r = j\ f' = A- . 

There are then, hy § 64, iwu quadruple ulgebrat«, which may be called and 
{k^, their nuiltiplioatioii tables being* 



(;«) < i * I and i » I 



* 


J 


A- 


0 


0 


• 


J 


A- 


0 


0 


• 


h 


0 


0 


0 




k 


0 


0 


0 


h 


0 


0 


0 


0 


h 


0 


0 


0 


0 


I 


* ! 


0 






I 


* 




0 


0 























[23]. The defining equation of thia case ia 

t»=0. 

and bj 1 59 

and it ui&y be astiumed from the principle of § 63 that 

ft = 0, 

wMeh ny«a 

Jk=0. 



•Ia tatar af Mmh atfebiaa. isA'.B + BiO-¥OtD, >sA:C+A:l>, lr=A:J>; Mid 
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ThAK are tiro <uwm : C^^^]' '^^> = ^ ; 

[232], when i7 = 0 . 

[231J. The defining equation of (his cue is 

which gives 

0 = iki = anJ+dJk, 0^ = 0, dn = 0, £» = W+<tei. 
So,becniM<V=0, iPs^^+cgb. 

and because ikl = 0 , kl = b^' + ejk, i;/ a iji = = h,fi^ + 

»/» = Art =: , ft — b^i + b^ + cjc , Ij = IP = ( i*),] + f>nCa)jt 

Bat eontuns no term in I, w> that = 0. 

kI=iP = aj, hit = a^, f„ = 0 , 

0 = P = b,^k + cjj,j , b^ = a, = Q-}d , Pz= bj + c^k , 
kil = J^ = btjl — 0, 0 = kli = bnki = bU =zbn~ki—^', 
K = htJ+eJk, ft=W=0. 

There are two caaaa: 

[2H1*]. when doee not vaniah ; 

[2312], when vanishes. 

[281*]. The defining formula of this case is 

<!b + 0, 

and if J? is determined by the equation 

esojJ^ + («! — >«) J» = • 

we have 

+ pi) = k+pj, 

so that l+pi «aAh+gf may be substituted lespeotiTely for I and k, wbiA is 
the same as to make 

6« = 0. 
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and fiiere «re two osms: 

[23P], when c^* does not T«&j«h; 

[231*2], when <■^ vanishes. 

[221*]. The deiiniag equation uf tiits case can be reduced to 

I' = k. 

This gives a quadruple algehra which may he called its multiplication 
table being t 

(^) i j h I 



h 



J 


0 


0 


h 


0 


0 


0 


0 


0 


0 


u 


0 


ek 


0 


0 





£231*2]. The defining equation of this caae ia 



* /. e. the new c, . or what hiut Um-d writi«B C^+JM,) . In all ciuwis, whsu new IrtlOIll of tba wSfk^ 

bet of the algubm nn> »u)wtltiit<-il, the co«mcieiiti change with them. [C. S. P.] 

tWlien f» — 0 . c — 1 . wc hiivf I li — l'! — \i — l)l=.0 ; »i) that by thn sub^titiuion of i - I for i , the 
algebra is brulu'ii up iuto two of the form ic,}. When b — i), c^l, on bub^titutiug I'l = t — /, 
j, — J ~ I't: . — r— li'fc, /, = lc — li/. we have if =j, . i,<,=0. l^i, = li k, ; so that th« 
algebra rwJuci't t<i r.i. When fi=l. c = 0. on puttinRi, —i — l.j, —j — k. w(> hav« m,i =: 0 , 
It, —ji , I' — k ; so th:it tilt* ul^vbra reducon to ny, ) . Whi'ti — 1 x i ' n [luttiug i ~ ^ i i — ( J , 
j,:zij+ c — lit, wo imve i} — i'rr fc. i,/ — 0. h\ =_/. ; so that tlie al>,'tlirii r«iijrci< to ip,}- 
When Kb — 1) + 6 — 1) :t 0, on imUiiiK' i, = ' 1 — bl M— II — 6] J,— ;i (<:'!- 6 — Jwi * , 
ki = 6' (1 — b) (1 — b — bciy-f>ll — i);'! ■ -c+c'blA-, /, =b 1 1 — 6 n — bd , we get the multipli- 
cation table of io,). Wlj. ri h 1 4: 0 , /.«•+?! = 1 : on puttiHK i_ — b 'i~D. J, —b' {\ —bij—b'eic, 
kt—b{l — b—e]k, It—bi—l, we gat iho following multipUotioii tabto, which may replace that in 
tiwtaxt: 



J 0 0 i 
0 , 0 I 0 I 0 
0 ' 0 t 0 ' 0 



In relative form, I = A :B + B: C+ .4: J3, j=^:C, A: = wl:£, / = 4:B+X>:£. [C. S. P.] 
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llioie urc I wo casM: 

[2S1*21], when does not vaniflh ; 

[231*2*], when 6« vaniflhca. 

[231*21]. Tlie defining formula of lliiH ciue is 

TImtb «ra iWO CMMB : 

^81*21*], ^en 04, + 1 not ntnith; 
^31*212], when + 1 vannhes. 

[281*21*]. Thft doBning formoU of this oue m 



M that 



"«■.. + 1 '^., + 1* \ Cn + l ) V+1 • Cu+r 

io that the aubetitution of ^-^i^', . and , reflectively, for 
if J, and la the same aa to aammie 

which Ndttcea this cm to [2812]. 

[281*212]. The defining equation of thb is easilj reduced to 

This j^vea a quadruple algebra which may he called {m^ its multiplication 
table being 



(OT4) t 



I 



J 
k 



J 


0 


0 


k 


0 


0 


0 


0 


0 


0 


0 


0 




0 


0 


0 
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The substitution of t — / aud y — k, respectively, for i and j transforms this 
algebra into one of wludi the mulliplicatjon table is * 

(«*) i j h I 



J 

I 



0 


0 


0 


J( 


0 


0 


0 


0 


0 




0 




0 


J 


0 


0 


0 



[231'2'3. The defining equation of this case is 

• U = rjc. 

This gives a quadruple algebi-a which may be called ii^ multiplication 
table beixi|;t 



(«.) i J 



I 



J 


0 


0 


k 


0 


0 


0 


0 


0 






0 


eft 


0 


0 


0 



p812]. The deflning equation of this case ia 

(i-M)» = 0, 
ao that the anbetttntion of 2 — i^tt for I paaaea tiiis 



which gives 



▼Irtually into [232]. 



*iTzA:B+C.D,jz:R:D. k = A:C, 1 = B :C. IC. & P.J 

t lnrelatixetona.i = A:B + B:0+DtB^jxAtOtk=AtB,t=BiB+tJitD, 'Wliaifise 
Uie«ls«>»»t«diu)wto(s,). lC.Sk P.] 
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[232]. The defining eqintion of this case u 

« = 0, 

and it may be assumed that 

/>■/ = (), 

0 =y/ = k j — = /.'l =. ild — i/i = - = (•/» 
Ijz^daU, 0 as ISi^dJj^dlU = = 0. 

There an two oases : 

[2321], when c„ doea not vaiush; 
[232*], when c^^ vanishes. 

[2321]. The defining cquatiou of this caae is easily reduced to 

whichgiv«s 0 = lik = » = m=kl 

m = Pi = aJ-\- (l^k , 

0 = Pk = dJ*k = (t\jai = elt, lk = aJ = Pi, 

i» = a«i + hj+c^k, 

0 ss !• = 04^: H- CtitJ = =i Jft. 

There ue two eases: 

[2821']. when c, does not vanish | 
[23212J, when c^ vanishes. 

[2321*]. The delluiug equation of thi:^ axsa cau be reduced to 

c.= l 

which gives a quadruple algebra whidi may be called (on^ iUt multii^oadoit 
table being* 

(«*) i j k I 



t 


J 


0 


0 


0 




u 


0 


•J 


0 


k 


0 


0 




0 






0 







•In ril:itiv<. f.irn.. i - A : I! + h: : P + li : C , j = A ■ l> . A—, I.''. 1 - A R + H : C+ bH : D . 
Wham b=:U, thi^ algebra rwiuctn to vr«). When 6 = — 1 , iho subetitutiou of t — / fur / ru«luc«a itto ({|). 
tC.S.P.1 
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[2S212]. The definiDg equation of this caae is 
There are two eaBes: 

[282121], when does not vsniah ; 
[28212F], when &4 vanidHx. 

[282121]. THe defining equation of this case can be reduced to 

This gives a quadruple algebra which may be called (jt,), its multij^cation 
table being* 





J 


k 




» 


J 


0 






J 


0 


0 


0 


0 


h 


0 


0 


0 


0 


1 




1> 


u 


J 



[23212*]. The detiuing equation of this case its 

i» = 0. 

This gives a quadruple algebra which may be called (y^), its multiplication 
table beingf 





J 


k 


/ 


• 

t 


J 


0 


0 


0 


« 

J 


0 


0 


0 


0 


k 


0 




0 


0 


i 


k 


0 


0 


0 



♦III rrlntlv.- form, x = A : B + 11 : D + C : E . j - A : P , k = A:K, l=A:C+C:D. [C.&P.] 
tlnrcUtivoforra, < = :C+C :0, j =:.4 :£>, kzz H : D , I = B iC. IC. B. P.) 



Digitized by Google 



PsnCB: JJmeear Anoaa!^ AJ^ra. 46 
[232*3. defining equation of Uiis caae is 

and vre bftve 

Ik = c«i + d,il 

60 tbat ibon can be no pure algebra in Una oaae if vaiiidiBB,* and it may b« 
aBMimed without lose of ganarality that 

There are two cases : 

[282*1], when d, doea not Taniah ; 
[282F], whand^vaniahea. 

[282*1]. The defining equation of Qm caae can be reduced to 
which givea 

0 = Jt* = W = fit = if / = n, 

aud there is no pure algebra in this casc.f 

[232^. The defining equation of thia caae ia 

* = 0, 

whichgivea 0-» =ejf^e„ »=hj, 

0 = i^/ = f;^' + - .7,. = , 
0 = Uf = eJf + dJcl=d^ = bfyt. 

There are two cues : 

[232'*lj, when doea not vaiiisii ; 
[2S2*], when 2^ yamaheB. 

[232''1]. The defining equation of thia case can be reduced to 
wliich givea 

0 = <Jm = Cc, f^/ = f'itj, lk = b^. 



* in tliitWMt^t t and I, might forat ui; one of tlw a]c»bra» ((>,), (e,), (d,) or (e^). [C. & P.J 
tnMflHatoiBvaiittUbMMiM«s:«aBdW=i. [Q&F.] 
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so that / — ^J;u/ cnn be aubstttuted for I without loss of generality, which is tho ' 

same as to assume 

■nd this gives 

BO thai there ia no pure algebra in this case.* 
[282*]. The deflniug equation of this esse is 

1^ = 0, 

whidi gives 

0 = lj =P! = dJ = d„ 
0:=kl* = c j:f = , kl = hit J . 
0 = Pft = cjk ~ , ft = h^,J . 

And there can be no pure algubra if vanishes, so ihut it may bo assumed, 
without loss of seueraH^, tb*t 

wliich gives 

This gives • quadruple algebra which may be called (r,), its multiplication 
table being t 





j 


k 


I 


i 


J 


0 


0 


0 


J 


0 


0 


0 


0 


i 


0 


0 


0 


0 


1 


• 

J 


0 


0 


A- 



[24]. The defining equations of this case are 



HsAtB-i'B:D+OiD,J:sAiD,k=AtS, IssAiC+CiS. (a&P.) 
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and it inny be aasumed, from §§ 03 nnd Go, that 

V = *=— ji, «{ = /» = 0, 

which ^ve 

0 = ik = /. / = Jk = J^- = kl = Ik , 

0 = v7 = = szjUs=—aJi+d^'ls=d^ = ant 

jf = — U = '■it^* . 

ao that thera is no pure algebra in tills case.* 

QuiHTprLK Alqebka. 

There er$ two caBes : 

[1], when there u an idempotent hub ; 
[2], when the algebra U nilpotent. 

[1]. The defining equation of thia caae ia 

»" = ». 

There are eleven rases : 

[1*], whcny, k, I liud »> are all in Ihe first group; 
[12], when J, k and / are in tiie ilrst, and ffi in the second group ; 
[1 .3], when j and ifc are in the first, and I and m in the second group ; 
[14], whenj and k arc in the first, f in the second, and m in the third group ; 
[15j, whonj h in tlic first, and /.-, / and m in the neeond prouj) ; 
fl6], wheny is in the iirst, /.• and I in the serond, and m in the third gi-oup; 
[17], when / is in ihc first, /.- in the second, / in the third, and m in the fourth 
group ; 

[18], when j . h and / are in tlie sorond, and hi in the third f^roup ; 

[I'Jj, whcny and k are in the second, and I and m in the third group ; 

[10'], when J and ik are in the second, I in the third, and m in tiie fimnh group ; 

[ll'j, when/ is in the second, ft in the third* and 2 and m in the foortii group. 

[I*]. Ibe defining equatims of this case ate 

ij=ji=j; jfesib'sik, <r=»=s;, im = mi = m. 

The algebras deduced by §69 from algebras {i^) to (rj may he named (a,) to (y,), 
and their multiplication tables are respectively 
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(«.) < 


J 




1 


«t 


(6,) 


J 


h 


1 


M 


4 


i 


J 


k 


{ 


fli 


i 


i 


J 


k 


2 


m 


• 




k 


I 


m 


0 


3 


J 


k 


I 


0 


0 


k 


k 


I 


m 


0 


u 


k 


k 


I 


\ « 


0 


0 


I 


I 


m 


0 


0 


0 


I 


I 


0 


0 




0 


w 


m 


0. 


0 


0 


0 


f» 


m 


1 


0 


0 


z 




J 


k 


I 


m 




J 


k 


/ 


m 


• 


i 


j 


k 


I 


m 




i 


J 


k 


I 


m 


3 


3 


k 


I 


0 


0 


> 


3 


h 


0 


0 


1 


k 


k 


I 


0 


0 


0 


it 


k 


0 


0 


0 


0 


I 


I 


0 


0 


0 


0 


I 


I 


0 


0 


0 


0 


m 


m 


I 


* 1 




0 


Mi 


m 


ak 


0 


0 


1 




j 


k 


I 


m 


or (Cj) t 


3 


h 


I 


}» 


• 

• 


i 


. 

J 


k 


I 


m 




1 

i 


j\ 


k 


I 


»» 


• 


~i 


k 


0 


0 


I 


3 


J 


0 


0 




; 


h 


i 


0 


0 


0 


0 


k 


k 


0 


0 


• 1 


0 


I 


I 


0 


0 


0 


0 


I 


I 




0 i 

1 


0 


1 

0 


0 


m 


m 


*— / 


0 


0 


0 


m 


1 

»t 1 


' 1 


0 


0 


0 



C/i) i 


J 




I 


m 




3 


k 


I 


m 


9 

% 


i 


* 

J 


h 


I 


m 


* 
i 


• 

i 


• 


k 


I 


m 


s 


J 


k 


0 


0 


I 


J 


J 


k 


0 


0 


0 


h 


k 




0 


0 


0 


k 


k 


0 


0 


0 


0 


I 


I 


0 


0 


0 


0 


1 


I 


0 


0 


0 


0 


m 


m 




« 


0 


0 


m 


n 


I 


0 


0 


l+ak 


(*.) < 


i 


k 


I 


m 




i 


J 


k 


I 


m 


i 


i 


• 


k 


1 


m 


i 


t 


J 


k 


I 


m 


i 


J 


k 


0 


0 


0 


s 




* 


0 


0 


0 




k 


* 


0 


1 ' 


0 


k 


■■ 


0 


0 


0 


0 


1 


1 


0 


0 


0 


0 


1 


I 


0 


0 


0 


0 






I 


0 


0 


1 * 




m 


I 


0 


• 


""1 



(ii) • J * ' »» 





i 


J 




I 


m 


i 


J 


* 


0 


0 


0 


A- 


k 


0 


0 


0 


0 


1 


I 


0 


0 




0 


m 


m 


k 


0 


0 


1 
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[12], The defining equations of this case are 

^s=y»=y, ii = fti = ik, j{=A' = 2, «m = m, mt = 0, 

which give, hy § 16 , 

0 = m/ := fli£ = = m', 

and if il is any expression belonging to the first group, but not involving i, we 
h»ve the form 

= tan , 

end by 1 67. ii is nilpotent, so that there is some power n which ^ves 
0 = ^* s= ^"m = aA'^~^m = a*m = a = Am , 

ami ilicrc is no pnro ulgcbia in this case* 

[13]. The deliuiug equations of this case are 

ik = ki = k, il = i, im^m, AsmisO, 

which give, by 1 46, 

0 = % = /* = An =:!»/=: fRA = ffi2 = 111^ ; 
and it may be assumed from (a,), by § 69, (bat 

= J* = 9. 

It may also be assumed that 

Jlssm, whencef Mss^sO. • 

We thus obtain a quintuple algebra which may be called (/.•,), its multipiication 
table being this : { 



•In fact I and m, by thcrasolvw. form the «Igcbrii I''..;, whiln t , j. k. (, Ijy tliottuielvM ioim 
MM ttt Ui« oigabnw (a«), {fit), (e,), {d,). Uie praducto of at veithj , k and I vMuihiag. (C. & P.] 

li=A:4 + B.B+C:C,JsA:B+B:C, ksA'.G, l=£:i>, insa:I>. [CaP.] 

I 
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• 


J 


k 


I 


m 


i 


i 


J 


1- 


I 


m 


J 


J 


k 


0 


tn 


0 


k 


k 


0 


" 1 


« 


0 


I 


0 


a 


0 1 


0 


0 


m 


0 


0 


0 1 

1 


0 


0 



[14j. The defining equations of tliis r-ase are 

ij-=zji—j^ ik — ki = k, il=l, int = m, K = t]n = 0, 
which give, by § 46, 

0 =jm = Am = ^*=rassI>sin;i5in* 

It lua}' be assumed from § 69 and tliat 

j»^k, y» = o, 

irhenoB 

and there is no pure algebra in (his rase.* . ■. 

[16]. The defining equations of tliis case are 

;j=jl=:j. il- = k, = tm=:in, iU = tt = in*=:0, 

which give, by §§ 40 and (iT, 

() = / = kj = P =kl=ikm = lj=ilk — P = lm = mj = mk:=ml = m\ 

It may be aaaamed that jk = /, j'm = 0 .f 

whence, 0 , 

and there is no pure algebra in this case.;^ 

' > - -1 : .1 • i: n C:i\ jT- A : II H-.r . I:~ A :(' . I - A !' . , = rl>:C. |C. S. 1'.] 

T Wit 1 untint »ii|ii>iisfjt=:A- . A 0 . Wi' m;i> . Ili.-t. lnti . [ ill / (or jjfc. Thenjl — Q. Tlieo, 

o—j m = c f, k i- (/. r, , + f, , I '+• ; "< ■ It fiiilowK tiiui j.i. _^'/. /. iiiiii vulMtiMitiBg at— lior 
m, w«hftv«jan=:0. The algebra Uktu ■eparatee into (b,) and (e,). IC. 8. P.] 
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[16j. The defining equations of tbijB caae are 

V=ji=J, iA=ife, U=l, mi=iin, &» = ;» = «m = 0, 
which give, hy §§ 16 uud 67, 

0 =j* =Jm - kj = l* = Id = !j=Ik = l' = mj=7nhzswa = 
km = a^i + bf^j , Im — o^ji + imJ, 
lad it may be aanuntd that 

Mid dt, oumot TOuah in the caae of a pore tigethn* to that it Is no lom of 
generality to aaaome 

which gires 

j'km = lm = OfJ. 

Tbece are two caaea : 

[161], whon docs not vanid!; 
[162], when vanishes. 

[161J. The defining equation of this case can be reduced to 

«» = 1. 

which gives An=y, hm — i-k-h^, 

and» + W<^ substituted fnr t, and this gives a quintuple algebra which 
may be eaUed (J^, of whidi the multiplication table is 







i 




I 




» 


» 


j 


ilp 


I 


0 


j 


« 

/ 


0 


/ 


0 


0 


h 


0 


0 


0 


0 


• 


I 


0 


0 


0 


0 


j 


m 


m 


0 


0 


0 


0 



•But Ossife=kiiifcs(<i,.l-1- »../)«=«. Jb-|-dt,»..t. Bm i^ysand ■Htar d,.<ir>„sBe, 
Midta«Mwto M »«h— lta»>iiii»ilg«bi». 1lMt«««lgabiM(l«)HDd<m»)ai«lao«inwltMiui3rtoMW 
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[162]. The dafining eqnatiion of this case U 

whkh giTSs 

km = bfj, Im — 0; 

and />t3 cannnt vanish in the caae of a pure algebra, so that it is no loss of 
generality to assume 

This ffV«a a quintuple algebra which may be called (ffle), of which the moldpfi* 
cation taUe ia 





i 


J 


h 


1 


m 


i 




i 


J 


k 


I 


0 


• 

J 




J 


0 


I 


0 


0 


k 


0 


0 


0 


0 


/ 


I 


0 


0 


0 


0 


0 


m 


m 


0 


0 


0 


0 



[17]. The Hafin^ng equationB of thia caae are 

V=Ji=J< * = Ussl, jU = «I = MRs:im'sO, 

which give, by §§ 46 and 67, 

0 =j* = jk =jl = jm = k}=iJf = Ij = P = Jm = mj =mk. 

Ud := hfj(} = 0 = e«<n{ = 9iA* ■ iMfe = i>Mjk= 0 = = eg/^^ , 

/ = (I^kt = I , (^/j4 — , = 0 , fan* = Cfftm = cjcm , («• — <te) = 0 , 
wiV = fgWi/ = df^ml , (e, — c/j^) t/^ = 0 . 



Digitized by Google 



64 PxiBCi: lAmtar AMoeialivt Atgebra. 

There are two «aB«8: 

[171], when cj = 1 ;* 
[172], whenc^=:0. 

[171]. The defining equation of this cue ii 

= m , 

which gives 

Oz=t^ = lk. 

There can be no pure algebra if cither of. the quantities hgt, at Tanish, 
and there is no loas of generality in assuming 

iU=j*, kmssk, m2=:l. 

13u8 f^weB a qohntuple algehra wbidi may be called (ni), its multiplication table 
being 



(«.) » 


J 


k 


t 




i 


i 


J 


k 


' » 


» 


J 


J 


0 


0 


0 


0 


k 


0 


0 


0 


J 


A- 


1 


1 


0 


0 


0 


0 


m 


0 


0 


0 


I 


m 



[172]. The defining equation of thi« ease is 

which gives 

O = 0fi=idn = km = ml; 



* But on pxaminaitkm of (iM aMun|itioaa slnsdy swd«, it win be Mca thai if «» h not mm^ aiiid 
oonsequently =0, tlwalgalinibMikiiipintotwa AMonUngiy, Um algsbm (it|) is iiii[nin, Jiw f . 
J, liUMll,sloii«.fainiitfw«]cBbii» i/t), wliito m, I, k,j, alona, fonn the alsebn (*«)? sad 4iibiii< 

:=0. (IC.&P.] 
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and there can be no pare algebra if either ^ or vanishes, and it may he 
Msnmed that 

This gives a quintuple algebra which may bo called (o,), its multiplication table 
being ae ibUows : * 





j 


h 


I 


m 


i 


i 


i 


k 


0 


\ 0 


• 

J 


J 


0 






1 0 

t 


k 


0 


0 


U 


j 




I 


I 


0 


m 


0 


1 


m 


0 


0 


0 


0 


1 

1 ^ 



[18] . The defining equations of this case are 

y=y, xk'=.k, U = l, mi = m, yt = £i = fi = «m = 0, 
which give, by § 46 , 

0 = j' =zjk=Jl — iQ — l^ = kl=:z =^lk = P = mj =mk = ml = m*. 
But if ^ is any ezpreasion of the second group, 

which gives 

and there is no pure algebra in thia num. 

The defining equations of this case are 

Asft, U = I, mi = m, i{=fm=yi = ft> = 0, 

which give, by § 46, 

0=j*=:jk^tf = l?=^ff=ne=iP = lm = f^f=ziHk = na = uf. 
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But if is an sxpreooon of the second group and £ ome of the third, 

which gives 

0 a ^* a «9' = a s iUB a yi s U s An , 

end there is no pure algebra in this case. 

[IV]. The deflotDg equfttioos of thie ease are 

which i^ve, by § 46, 

0 = = JS* = i» = fa» = uy = m* } 

and it is obvious that we may anome 

We have, then, 

/J = f^wj , R- = ' ,37n , ml = rfj,/, = <^m. 

There are two cams : 

[lO'l], when does not yanish ; 
[10'23, when yanlahea. 

[lO'l]. The defining equation of this case can be reduced to 

»=«, 

which gives 

<^ = 0, jm = btj. 

Thne are two casee: 

[10'1»], when(?j = l; 
[10'12], when vanidiee. 

[KKl*]. The defining equation of this ease is 

m' = m ; 

and we assume 

jm =j. ml — I , km — k, 
because otherwise this case would coincide with a subsequent one. We get, then, 

0 =jlj = eajm = = Ij , 0 z=jUe = eg^m = e« = ft, 
which virtually brings this case under [10'2j.* 

•tbis4own«»iMB«lHr. Sa»{s<*BlWse, whUhtodmd. (a&P.I 
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[10'12j. The defioiag equation of thin caae i« 

which gives 

0 = AmF = t^afan = % , km = bf^j, Ikl = K=:l=z e^I = 0 , 

whieh U imposmble, and tiiis caae diaappean« 
[1(K2]. The defining equation of this caae ii 

There are two caaea : 

[mi], whenei, = l; 
[Ky^l*], when vonialiee. 

[10^1]. The defining equation of this caee ie 

m' = m, 

and if we would not Tirtutilly proceed to a subs.-ijiK ut case, we muat aasutne 

j'm =y, km = k, ml = /, 

aud there is uo lo8<i of generality in atisuuiing 

{/ = 0, 

BO that there is no pure aigobra in thif cape.t 

[10'2'J. Tlie deliuiug equation of tliis caae m 

nr ~ tl , 

whidi fpirn 

and we may atitttne 

«te = 0. 

which given 

0 = jm' = l>nJtn = =ym , 0 = km* = r^km = c» , Am = b^J , 



*Inthu caae, the algebra Bto(>oeM|iW*tMiBtoaiinlgt;brub(;tw)M''ii>, k, liadm.ai 
algabiM lMlinwB< Mill i, faadlt, and < sod/, i«ipMtiv«ljr. [C.&P.J 

tlaCHt,0=llA=«&iiis««,sft. aotlM*«lwalcelmMkiatoilapntioftteftnB(ft«). (!&a.P.] 
tTlwMillMraailtitoMttwthat0sUks<4|lmi=«4aftjt. nw,«ltiiirJtm=OorVsJfts;0. Iht 
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and we have without loss of generality 

{/■=0, km=j, lk = m. 

This gives a quintuple algubra which may be called (^), of which the iDultipli- 
cation table i« 

(ft) » i h I m 
i 

J 
k 

I 

m 

IIV}. The defining equations of this caee are 

V'=/, ki = h, jii = a = «l=«m = b-s:m»~0; 
which give, by J 46, 

D=j* = — kl — km = Ij = mj , 
jk = <fs,i' , jl — buj, Jm — btij, /•/ = djgl + e^m, Ik = cjc, mk = c^^. 

There are two oases : 

[iri], wheu / ia the ideiujiuleut base of the foui'th group; 
[IT'J], when the fourth group is nilpotent. 

[ll'lj. The deiiuiug equation of this case is 

P = L 

There are two casee: 

[111*], when fli is in the aeoond subeidiaiy group of the fourth group; 
[1102], wheu m i« in the fourth eubsidiary group of the fourth group. 

[111*]. The defining equations of this caee are 

An = flt , in7 = 0 ; 



{ 


J 


k 


0 


0 


0 




0 


0 


0 


0 


0 


0 


0 


j 


1 


0 


»t 


0 


0 


o' 


0 


0 


0 


0 
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which give 0 = m* = h^^jm = ~Jm , 

0 = wj'/r = c^ntk = c^ = mk ; 

and Oj, cannot vanish in a pure algclira, so that we may assume 

jk = i, 

which gives 

^?-*=*=<w, i¥=y=«i;Aj» i-^-d^, 

jl=jP = hJt, hl = b„ = l, lk=n = ejk, <^ = e„ = l = dn, 
ik = k, t9l = l=Ig, 

and there is no pure elgebra in this esse.* 

[iri2]. The defining equations of this case are 

Zm = fiil=0, 

which give 

0 =jtm = h^Jm = l>^J>tsj = /'m''m. 0 = Imk = rjk = r^^.J: = , 

i^'m = cbm* = Mr'= Wf ^taTb^m. w^'=%m' = Ciift; = «w?«? + <Wii»«. 
There are two cases : 

[ll'r21], when m is iflcui]iotciu ; 
[iri2']. when m is nilpotent. 

[ll'121j. The defining equation of this case is 

. m* = m, 

which gives 

and it may be assumed that 

«ta = 0. 

But if the algebra is then regarded as having I for its idcnipotent basis, it is 
evident from § 50 thiit the bonds required for a pure algebra are wanting, so 
that there is no pure algebra in this case.} 



'In fact, i, J, k, I form the algebra ^g,). andl, in, tlw slsrixm (6|). pS. B> P.) 
tTlMliM(ev»tiMilKiM«bji«. LC8.P.1 

tllHMljr, tad siUMr iriwn t tew As ilpilm («,), ■Ml<,/,k,«»aMaltal)ia 

AT aba «M =•« wkw Iqr [llj of tripls >lfibw «ii sS, aaA/and ikmdi CwBNlbcalfibn ^«) i 
k«ritolMlim<tf, M. ^ap.] 
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[iri2*]. Th« defining equftUou of tlus caae is 

•l»=:0, 

which gives 

0 =/m* = bnjm = fjJij = A» =jm , 0 = m*k = <\,mk = = <^ = mk, 
l=i„ = c„, Jf=j, lk = k, 0 = ^, 

aud there is no pure algebra in this case* 

^ ^V2'\. The deiluiug equatiou of this caise is 

^ = 0, 

in which n is 2 or 3. We mu-st then have 

0 = /m = = m* , 

which give 

and there is no pure algebra iu this caae. "f 

[2]. The dehuiug equation of this case is . 

i- = a. 

There are five OMes: 

[21], when H = 6; 
[2'], whenn = 5; 
[23], wheDii=:4; 
[24], whenn = 8; 
[26], when 3. 

[21], The defining equation of thie caie ii 

«» = 0, 

and by § 60, 

Thie givee e quintuple algebra which may be called (^,), its multiplication table 
being 

' Ueru. ni lomiB the nigi'bm ' fc, I . iinti x\w other li-ttoni form (jf,) . [C. IS. P.) 

t Namely, if ti = 2 , j, / . t . form Uie algebra (tlj J lB«cund fonu), i, j. iind i . fc, the ulgebra (fr,), and 
Mthonlgiibn ICi). Bati(«=S.^'. Jc. land m fom an alg«bmlniMfo«iii«l»la into «r(JI(t), whitoi, 
j, ud I, k form, wab pair, the algvbmi (6a). (C 8. P.] 
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) t 


* 

J 


It 




m 


- 

j 


h 


I 




0 


h 


I 


j m 


0 


0 


I 


m 


--I 

1 


0 ^ 0 

t 




0 


; 0 


0 


0 


0 


0 


i « 


0 


0 



[2*]. Tlie defining equation of tlus cue it 

? = 0. 

end by S 69, 

There are then by § G4 two quintuple algehras whidi way be called (r,) and (^,), 
their multiplication tables being 



('•») i 


j 


k 


/ 


IH 


(*.) i 


J 


k 


I 


m 






* 




0 


0 


i 


J 


k 


I 


0 


0 




* 





, 


0 


0 


J 


k 


I 




0 


0 


ft 




0 


0 


0* 


0 


k 


I 


0 


0 


0 


0 


I 


0 


0 


0 


0 


0 


I 


0 


Q 


0 


0 


0 


n 


I 


0 


0 


0 


I 


m 


1 


0 


0 


0 


0 



[233. The defining equation of this ease iv 



and by ^ 5U, 
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and it maj be aasiimedf Arom the pdrinciple of § 68, that 

«=0. 

which gives 

0 b/I s « = «K s «• a t&n 

There ate two cases : 

[231], when iwi = /; 
[232], when im = 0. 

[231]. The defining equation uf this case in 

im = 

wfaenoe 

0 =jm = km =jmi =jml =jm* = r„ = = f,5 , 
«• = , 0 = U* = dJP = f/.V*-" = J,V/ = '/„ = Ij = Ik , 

imi = U=e^, nU— c^j + c„i- + d^l , mj = c^, + mik = 0 

im' = fm = <\Jc + ^/y/ , »«' = r>„y + rjc + t/j^ + , 
Q =zm* ^=df^, Urn = P = c^^km = 0 = mli = f/i,|f"<i^' = c^uPa , 
0 = mfm = d^lm = cf^c^ , 0 = »»'/ = di^ml =zU^* 

There are two cases: 

[23P], when does not vanuh ; 
[2312], when vanidiee. 

p81*]. The defining equation of thia eaae is redndble to 
There are two cases : 

[231*], when does not ranish ; 
[231*8], when Cu vanisheB. 

[281*]. The defining equation of tliis oaae can be leduoed to 

Im — i, 

wliioh gives 

wN=it + dnk + d*,k = k + d^ , rf, = <f„ + rf,', . 



*To Umm equatioiu w« to bt Ml«l*d Um following, which is taken for gninUd below : im< = nMin 
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sad if r is one of the imagmaty cube roots of — 1, there are two eaeee : 

[231'2]. when rf„ = — 1. 
[231*]. The defiainx equation of this case ie 

<t = r, 

which gives 

(w-e«/)»=y+ r/, (»n—c„oy =(!+»)*. 

(to — vj)k = 0 , (m — (-5,0? = rA-, 

{m - cjy =j + [c. - c„ ( 1 + r)] A + (2r - 1) / ; 

80 that the substitution of m — %|2 for m is the same as to make 

cta = 0. 

There are two cases : 

[231^], when does not vanish ; 
[!t31<2], when Tanishes. 

[281*]. The defining equation of this case can be redaoed to 

c. = l. 

There is then a quintuple algebra which may be called (t^), its multiplication 
table being* 



* The mthor hmt oywloohrt tto c fawtt i i iw Mm* lad <«, ) w fonai at M» umtlgibn. Kin 

timoCtlii>alBrfiB>Bvlw>iwwBl7iiBlti«giiSH,A^ty, kt = -k, l,=t*i-a^ »,sH-m, 
wbM w« hsw tUt maUipUoattaB table (whsre tiia nliacripti are droppod) : 





J 






nt 


< 




k 


0 


k 


I 


f 




0 


0 


0 


k 


k 


0 




0 


0 


0 


1 


rk 


0 


0 


0 


0 




xl 











IB ntottv* fom, t=A:B+A:C+B:S+CiD+X;0^ JsAzD+AiS+B'.O, k=Asa, 
lstAiM+0:&,msit*A:B+A:r+tC'.S+DiO—Fia. la&P.] 
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• 


h 


/ 


m 


i 


j 


k 


0 


0 

1 — 1 


I 


i 

3 


h 


0 


• 


0 


0 


h 




0 


0 


0 


0 


0 


I 


h 


0 


0 


0 


h 


m 




(!+»)» 


0 


th 


(2r-i)l 



[231^J. The dciiuing equation of tliis case is 
There Ib then a quintuple algebra which may bo called (u,), its multiplication 



(t%) i 


J 


k 


I 






j 


k 


0 


0 


i 


s 


h 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


h 


0 


0 


0 


k 


m 


j + rl 




0 


rA- 


j + 
(2r-l)/ 



[281*2]. TIm defining equation of this case is 
which giyes 

= 0 , ; (m - r.J) = / , /(„, . - rj) = k . 

(m — e„/) i=zj — l, („, — cj}l=s—k, (»« — cj\ =Lj + CjA; 
BO that the lubrtitution of m — e^i'* for ** is the aame as to make 

<!kl = 0. 

*1!l»«ii^Ml«Mrt fen thni«teiitllMM««ialiaH, but It ta pWa «wt m— a*,! to aMaak 

[Cl a P.] 
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There are two oaaet : 

[231*21j, when does not vanish ; 
[231*2^, when TaniBbea. 
[231*21]. The defining equation of thia caae can be reduced to 

*% = 1. 

Tltere is a quintuple algebra which may be called (c^), its mulUplication table 
being* 





J 


k 


{ 


m 


• 

f 


J 


* 


0 


0 


I 


J 




0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


k 


0 


0 


0 


it 


m 








— * 





[231*2*]. The defining equation of this case is 

^ = 0. 

This gives a quintuple algetm which may be called {Wf), its multiplication table 
being* 

•Tl» algrim (v.) TCdncw to (».) « iidMtitDtiflai, = t + + ^l. ^4- s|k+l , 

^ '+M. Tt>«^iMt1lb«i(raoMx*fl<lldt>lgtlMn. «• My pot ^ aad ^ for imigiDai7 0^ 

rooteof I , nmi Bubslituto in (iCj l«, =i + '■'»» . j, - il ^ p\j+ k+ >/^~3t . k,=Sk. /, =(1— p'Ji+*— 
«/— 81, «n,=i-i-f"N. Then, clixippisg tb« «ubiKn|)to. w« b«ve this multipUcatioii labia. 



i 




* 


1 


1M 


0 


1 


• 






i; 


0 




0 


0 


0 


J_ 


• 


0 


0 


0 


9 


0 


0 


Ir 


T 











In relatiTt. form. i = /A : B + ,-'C : F+ i/^h : B, is.9fd tO+M/fDiF, ksM:J>, lxl^4t:,V 
+8pB:F. m = ,^A :i} + ai,'B:C+pB:F, (a 8. P.] 
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(IT) . 
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I 


m 


• 


i 


k 


0 


0 


I 


• 




0 


• 


• 


0 


k 


0 




0 


0 


0 


I 


ft 


0 


0 


0 


h 


m 




r 


• 


-* 





[231''2j. The defining equation of this caae is 

toi = 0, 

whioh giTea 

ml=0. ^^cjt-k-d^, m^' [I ft. d^s^l+d^^. 

and SMy -be made to Tankh without Ion of generality. 

T]m« are three caaes: 

[231*21], when neither <^ nor + 1 ranishee; 
[231*2*], when<i^+ 1 vanishes; 
[231*28], when Taniabea. 

[281*21]. The defining formulae of this eaee are 

There are two ca«e« : 

[231"21']. when dops not vanish; 
[231 "2 12], wlifti vanishes. 

[231'21*]. The defining equaiiuu ut \\m case can always be reduced to 

This gives a quintuple algebra which may be called (x,), its multiplication table 
being* 

raUdt* tutm^i^'.B^'A'.E'¥B'.D-¥DiF, fsAs D-^B'.F, UsA-.r, ls4:J>. 
m={i+a]AtB+A:C+AiS+BiD+C:D+D:r+M:F. [aft P.] 
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J * 

1 


0 


0 


/ 


J 


,. 

i 0 


0 


• 

0 


0 


k 


0 0 

i 




0 


0 


0 


I 


» 0 


0 


0 

— 


0 


m 


i+ol |(l + a)I 


— 1 

0 


0 


*+ 



[231'212j. The defining equatiou of this caae is 

Thiii gives a quintuple algebra which uiay ha ceiled (^i), its multiplicatiou t^ble 
bung* 



(sr.) < 


i 


k 




m 


♦ 




k 


0 


0 


I 


i 


h 


0 


0 


0 


0 




0 


Q 


0 








Jr 


0 


0 


0 


0 


m 






0 


0 





[281'2'J. The defining equation of this case is 

= - 1 . 

wludi girei 

mi=j — /, fly = 0, m* = c^. 

There are two caae»: 

[231*2-1], when c, does not vanish ; 
[231'2'3, when vanishesL 
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[231*2*1]. The defining equation of this mm can be reduced to 

m* = k. 

This gives a quintuple algebra which may be called (z^), its multiplication table 
being* 



(*.) « 


J 


k 


/ w 




J 


k 


0 


0 I 


• 

J 


k 


0 


0 


0 ! 0 


k 


0 


0 




0 . 0 


t 


A- 


0 


0 


0 1 0 

1 


« 




0 


0 


0 i k 



[281*2*]. The defining equation of this case is 

»n» — 0 . 

This gives a quintuple algebra which may be called (u«i|), its multiplication 
table being f 





J 


k 
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Hi 


i 


J 
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.0 
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0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


k 


■ 

0 


0 




0 


0 


m 


j-l 


0 


0 


0 


0 















In ni liv,. form. i-A:B-¥BiC-¥C:D^ i^AiC-^BiD. h=.A:D, l=.A:C, n^B'.C 
tb>daM««lloaB,ttaHimHUt)<*«>>pttli«km=JI:0. (G. & P.] 
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[281*23]. The defioing tqiwtion of this ease is 



which gives 

0 = (/—/)•• = («-»).•; 

ao that, by the nilntitution of t — J for / and m — « for m, this «aae would 

▼irtuallj' he reduced to [232]. 

[2312]. The definiog equation of this caso i« 

« = 0, 

which gives 

Thero are two oases : 

[23121], when does not vuuish ; 
[2312'], when (/^ vanishes. 

[23121]. The defining equation of this case can be reduced to 

rf,= l. 

whidt gives 

= ''-,1 ; 

and it m&y be atuiuiued witiiuut loss of generulity that 
There are two cases : 

[2 '.'< ] •_' I '] , when does not vanish ; 
[231212], when r,, vanishes, 

[23121*]. The defining equation of this case ean be reduced to 

An ~ nU ~ h, 

which gives 

There are two cases : 

[23121f], whence does not vanish; 
[28121*2], when cn vanishes. 

[23121*]. The defining equation of this case can he reduced to 

Cbjssl. 



• Niiiiivl}-. b.v puUiiig /, —Cjk-jrt, mi =m — ej. IC. H. P.] 
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This gives a quiuiuple algebra which may l>e called (a6,), its multiplication 
4abte being* 
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0 
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" 1 









[23121*2]. The defining equation of this case is 

(%i = 0. 

Thii' gives a quintaple algebra iriiidi may be called (ac^), its multiplication 

table being f 

'Th« Ktructure of this algebra is be«c si rn on making the (ollowiug oubntitutinru): Let i|, and i|, 
repreoent the two roots of the equation a' = xH-I. Tliat !«, h, — J (1 + V 5) and !! -^/S). 

Then Bub8titute«,= liT 5(«4-l»,m,, J, =^7 H (2+ b, ;.J-1-I),'lt+ I H-3l),)/[. fc. = |*. /, = l»i * | 

+ b>fc+ ( 1+ 8tt)<}< •»i = ti^< + l«"*). Then, we haTe the UDlti|(lioutiun table : 
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0 







+ r,.i^.4:£' + £;f+-f':i>+I»,.l ://+«:/). [C. 8. P.) 

t On malting tbe ■une rabatitDtioiiii for i and m as in the lust note, this algebra falls apart into two 
a]fefanierth»tom(».). (a&P.] , 

i 
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{aCt) i j k I m 



i 


1 

J ' 


k 


0 1 


0 


I 


J 


k 

1 


u 


0 

t 


0 


0 


k 


0 : 


0 


0 

j 


0 


0 


Z 


• i 


0 


0 ! 


0 


k 


m 




0 


0 


it 






[281212]. The defining eqiuttion of tbw case is 

ir{=An = 0. 

There tre two cases : 

[2312121J, when c„ does uot vaoish ; 
[281212^, when % vaniBhes. 
[28I21213. The defining equetton of thia ease can be reduced to 

c^s: 1 , 

Thia gives a quintuple algebra which may be called (ad,), its mnltiplieation 
table being* 

(<m/j) i j k I m 



i 


J 


k 


0 






J 


k 


0 

• 


0 


0 




k 


0 


0 


0 


. 




I 


0 


0 


0 


0 


0 


m |A + al 


0 


u 


0 





•In reUUveform, i = ^ : B+ B : C+ V : 0+ IS : F+aF:U . j= A :C+ B : D + a£ :U . k = A:D , 
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[231212*3. The defiDing equation of this case ia 

C5,=0. 

Tliis given a quintuple algebra which maj be called (im^, ito multiplication 
table being* 



J 
k 

I 

m 



J, 




0 


0 


{ 


k 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


• 


0 


0 






0 


0 


/ 



[231^. The defining equation of this ease is 

* = 

Tbeco are two caaes : 

[2312*1], wheu t^j does not vanish; 
[2312'], when vanisheK. 

[2312'1J. The defining equation of this case caa be reduced to 

Jm = k. 

which ipTM 

Theire are two eaeee: 

[2S12»1»J, whenf/j, = 1; 
[2312*12], when d^ = — 1 . 

[2312*1*]. The defining equation of this ease is 

dn = l, 

which ^vea 

ch( = li mtzsk. 



■lBi«lativ»liiini,flw 



I MO 



m=x:r+r}0. (a a. p.] 
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Then ara tiiro «iM«: 

[2812*1*], when Cn does not vaniali ; 
[2312*1*2], when «b TamRhee. 

[2312*1*]. The defining eqittUon of this cMe can he redooed to 

Cm = 1 . 

This pves a quintuple algebra which may be called (<^,), its multiplication 

table being'* 





i 




I 


m 


i 


J 


k 


0 


0 




■ 

J 


h 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


0 






0 


* 


m 


*+l 


0 


0 







*Tb lihoir the ooaatmottaa of this ttlgtbtm, w9WirmMtltaltaU=i-^in,ji — ^+{a+l)k+M, 
»,stt, i,=V+l<'-i)lt—*f M,=<->». TMtgitwthtMlMriatiimltiplinittotabte: 





i 


i 


k 


1 


m 


i 


/ 


i 


0 


Q 


4 * 


i 


k 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


• 


0 


0 


0 


ft 


m 


~ 4 


0 


0 


k 


I 



(;:i>./s^:C+B:A-S^-jl:^, ft=^:l>, l=jl:r+«:A-i^^:i>, iiisil:f 
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[2312*1*2]. The defining equation of iim case is 

«ta = 0- 



There are two cases 



[2312n'21], when cj does not vaniah; 
[231 2^-2"], when vanishes. 



[2S12*1*21]. The defining equation of this cue can be reduced to 

This gives a quintuple algebra which may be called {ayt), its multiplication table 
being* 

(aflf,) i j k I m 



J 


k 


0 


0 


I 


h 


0 


0 


0 


0 


0 


0 


0 


0 




0 


0 


0 


0 


0 


k 


i 


0 


0 


k 


j+k 



[28iaPl'2^. The defining equation of tbie case is 

c, = 0. 

This ;rtv(>? a quintuple algebra which may be cdled (flh^, ita multiplication 

table bcinf; t 



•On snbstiteting t,=i4-|j+m, m,r:i + l/— m, this algebra falls apart into two of the fonn 

(M. [C.S.P.] 

tOnaabrtitBkiiiK<i=t+ini »!=:•— n,^', =.^4- 1, 1,=^— I, this ftlgebn taU» apart into two of 
tiMten(»,). IP.&P.1 
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i 


J 




1 


M 


i 


• 

J 


k 


0 


0 


I 


* 

J 


k 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


it 


m 


I 


0 


0 


k 


J 



[2312*12]. The deaning equation of tlii^i case is 

which gives 

There are two cases : 

^812*121], when <%i does not Tsnish ; 
[2812P12*], wheiK^vanishes. - 

[2312*121]. The defining equatton of this case can be reduced to 

cki = 1 • 

This gives a quintuple algebra which may be called (an), its multiplication 
table being * 





3 


h 


1 






J_ 




0 


0 


I 


J 


k 


0 


0 


. 


■ ■ 

0 


k 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


k 


m 


h-l 


0 


0 


—k 

















•In relaU»» taB. €=X : C- B : C : D : 0+ £ : C. i = A:EJfOt9, h^A'.O, 
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[2312*12*]. The defining equation of this case is 

There are two cases ; 



m<=— I. 



[2312'r2'l], when 05 does not vanish; 
[2312*12*], when c, vanishes. 

[2312*12*1]. The defining equation of this ease can be reduced to 

Thie gives* • qidataple elgebn which may be called (<t^, its nraltiplkation 
table being* 

(«/:,) i j It I m 



I 



J 


k 






I 


ft 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


A- 


—I 


• 


1^ 


-k 


j + k 



[^312*12*]. The defining ec^uation of thig ease ie 



m* = j. 



This givoR a quintuple algebra which may be called {ak^, its multiplication 

table being f 



* In relative form, i = .4 : C+ C : E+ E . O - U : F . j=A:E+C:0, k-.A:0. l^A:F—B:a, 
m=.\ :D+B:E+C:F-\-F:a + A :D+ D-.a. [C. S. P.] 

m^AiB+BiD+CiB+EiF, (a&PO 
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i 

k 
I 



• 


* 


U 


0 


> 

» 


k 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


k 


— I 


0 


0 


-k 


J 



[2312*]. The defining equations of this case are 
There are two oases: 

[2312'1], wlicn f?ji is uot uaityj 
[2312*3, when is unity. 

[2312'13. The defining equation of this case is 

I.. • 
which gives 

i [(1 - m - c„y] = (1 - / -c„^ . i [(1 — di.) i— cjc] = 0 , 

[(i-di,)i-<^*]i=o. [(i-«i;p)«-*w-]«=4BC(i-4B)^-«wq. 

[(l-(ie)Z-tVifc] [(1 -d;i)m-c,.i] = 0 , 
[(1 m -cw] [(1 -^/,.) I- r,,k} = 0, 
[(1 — rfsO »" — otjy = (1 — t^*.) V- ; 

so that the substitutioa of (1 — dg^m — CfJ for m, and of (1 — d^^l — Cfjc for 
7, IS the same as to make 

There are now two ca^es : 

||2312'1'J, when Cj does not vanish; 
[2312*12], when vanishes. 

[23121*]. The defining equation of this case can be reduced to 

«!' = *. 
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Tbia gives a quintuple algebra which may be called (u/,), its multiplication 
teblfi being * 





* 

J 


k 


I 


m 


t 


J 


k 


0 


0 


I 


J 


h 


0 


0 


0 


0 


h 


0 


0 


0 


0 


0 


I 


0 


■ 

0 


0 


u 

—\ 


u 




n 


0 


• 


• J 


k 



[2812n.2J. Tbe defining equation of tius eaae is 

m»=sO. 

This gives a quintuple algebra which maj be called (am,), its multiplication 
table being 

(am,) i J k I m 



i 


J 


k 


0 


0 


/ 


■ 

J 


k 


0 


0 


0 


0 


h 


0 


0 


0 

... 


0 


0 


I 


0 


0 




0 


0 


m 


40 


0 


0 


0 


0 



mssAiE+a-.r+XiD, (C. 8. P.] 
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[2312*]. The definiog equation of this case is 

There are two cases : 

[2812*1], when doea not Taniah; 
[2312^, when Taaishes. 

[2312*1]. The defining equation of thie cue b eerily reduced to 

<ta = l- 

There are two cases : 

[2812*1*], when C| docs not vanish ; 
[2812*12], when vanishes. 

[2812*1^. The defining equation of Hub cbm is eaaily reduced to 

This giree a quintuple algebra which may be called (on^ ifa multiplication 
table being* 

(oxt) > j k I m 



i 


j 




0 




1 


* 

J 


k 


0 


0 




0 


0 


k 


0 




0 


0 


0 


I 


0 


0 


0 


0 


0 


m 


<+* 






• 





[2312*12]. The deliiuiig ccj^uation of this case is 

m* = 0. 

Tills gives a quintuple algebra which may be called (aoj), its mulnpLicalion 
table beingt 

•In reluuvti (urm, i—.A : A' f .! ■ 11+ F!:C+ C:0+E.t\ j= A:C+ K:D+ A :F. k = A.D. 
tssA'.r, m = A :C+A:£+ r / i .- 1'.] 

tia retotive form, i = A : JJ+ B : V+ C : D+E -.r, i=A:C+B :D. k=A:D. l=iA:F, 
m=^A:0+AiX+B:F. (a a P.] 
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i 


J 


k 


0 


0 


I 


J 


k 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


0 


m 


/ + A- 


0 


0 


0 


0 



[2312*]. The defimng equation of this coae is 

mi — I. 

There are two caaee : 

[2312'2], when does not vaniah; 
[2312"], whon r.^ vanishes. 

[2312'1]. The dctiaiDg equation of this case can be reduced to 

m' = i. 

This gi^ea a quintuple algebra which may be called (a/)|), its multiplication 
table being* 

(op,) i J k I m 



i 


J 


k 


0 


0 


I 


J 


k 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 




0 


m 


1 


0 


0 


0 


h 



•In relative form, i = A : B + B .0+C:Z>+E:F, J=zA:C+»tD, kstAtD, IsAtf, 
msAi£+B:F-{-E.D. [C. S. P.j 
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[2312^. The definiog equstion of thin caM is 

77V = 0 . 

This gives a quintuple algebra which ma^' be called {aqi), its multiplication 
table being 



i 


j 


k 


0 


0 


/ 


• 

J 


k 


0 


0 


0 


0 


i 


0 


0 


0 


<) 


0 


I 


0 


0 


0 


0 


0 


m 


I 


0 


0 


0 


0 



[282}. The defining equation of thia owe is 

un=0* 

which gives 

and it nay be aMuned that 

11=0. 

Thii gives 

(; =: = 0 = = ^» = ilm = iml = mli = im . 
There are two cases : 

[282P], whenim = 0. 
[2821]. The defining equation of this ease is 

KM — It 

which gives 

0 = n^sz ndtt 6" = <^J^ + + ''is'" . 
An» = 2* = e||I, 0 = f = «H2* = <^ = 2*, nfi=ejk + dj[+e^, 



* What to mMntte that sTBijrqiwntity not inmlTiiig powan of < is niUlMiend with reference to i. 
Baiida,«=S,alM. IP.B.V.} 
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There are two casea : 

[2321*3, when doei not ^txoA ; 
[23212], when <^ TMiisheB. 

[2821*]. The deflning equation of thi« cue oan be reduced to 

which givea 

ii^ = e^, (m— <!^ = 0, 
M that the Bubstitution ofm — e^formistiie (Hune as to make 

Tim gives a quintuple algebra whidi nuty be called (art), of Ahidi the multtpli- 
cation table ia 

(«r,) i ^* * I Ml 



< 


• 




0 


0 


0 






0 


0 


0 


0 


ft 


0 


0 


0 


« 


0 


1 


0 


0 


0 


0 


k 


m 


/ 


0 


0 


0 


0 



[232 1 2 j. The (lefiuiug equation of this case is 
There are two oaaeK : 

[232121], when </| does not vanish; 
[23212'], when d; vaniiliee. 

[232121]. The defining equation of this oaae can be reduced to 

rf, = l. 

There are two cases : 

[232121*], when c, does not vanish ; 
[2321212], when e, vanishes. 

[232121*]. The duiining equation of this case can be reduced to 

C5 = l. 

*BtttO = <m = m&n = <m. Thus, tluB case dUa^peius, wid ttiealgebra (or,) U inoorreot. [C. S. P.] 
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This gives a qumtuple algebm whidt out be nUled {ei»^, its multiplication 
table being* 



rtJf,) 1 


J 


k 


I 


m 


i 


J 


k 


0 


0 


0 


J 


k 


0 


u 


0 


0 




0 


0 


0 


0 


0 


I 


0 


0 


0 


• 


0 1 


m 


I 


0 






*+/ 



[2821212]. Tbe ctefining equation of this caw ia 

Thii^ gives a quintuple algebra wMch may be called (erf,), its multiplication 
table being 

(«/,) i j h 1 m 



i 


J 




0 


0 


0 


J 


iS- 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


0 




{ 


0 


• 




I 



[8S212']. The defining equation of this case ia 

iii' = cjk. 

There are two cases : 

1^3212^1], when does not vaaisb ; 

[23212*], when vanislies. 



•In rcLu.v .• f.irtii i - \ i: ^ U : C i- C : D + E : t\ j — A : C ^- D : D . kz=A:D^ IsAiFf 
m—A:E-k- t::f+ E.D. Omittuig th« iMt term of in , w« b»T« ^C. & F.) 
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[2S212P1]. The defining equation of this cue can be redooed to 

m* = J{. 

THIk gives a quintuple algebra which may be called (a<%), its multiplication 

table being'" 



i 


J 


k 


0 


0 


0 


J 


i 


0 


0 


0 


0 


k 


0 


0 


0 


• 


0 


I 


0 


0 


0 


u 


0 


m 


I 


0 


0 


0 





[28212f|. The defining equation of this case is 

Th'iH gives a quintuple algebra which may be called (att^), its multiplication 
table being 

(<a'i) i j k I m 





• 

J 


k 


0 






• 

J 

* 


k 


> 0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


0 




/ 


0 


0 


0 


0 
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^82']. The defiumg equtiaii of this oaae ia 

which gives 

0 = ny* = m£ = lm«sfliS, 

■ad there is no pure algebra In this cam. 

[24]. Tba d^ing equation of thia case ia 

•' = 0. 

and by 1 69 , 

t«=y, ij=ji=/ = Q. 

There are three cases: 

[241], when ik = t, t7 = m; 
[242], wheniftsl, fTstmsO; 
[248], when t& = t7= «m = 0. 

[241]. The deBning equations of this case are 
which give 

j'k — m , im =■ jl =jm = 0 , 0 = iinl — mP = f j^mf* — , jli = m , 
iP—vd=zbiJ, I* = 1>'J + liij + e^m, 0 = = 614III + C4Wi^ = 6|4 = «/, 
MnF=0, nf — bJ + Ciin, 0 = i)^=:«k"^ = <^, 

>7; = mi = tjij', = Aj,t + Ajij" + »'„m , 

/i7 — Im — b^^m , 0 — Fm — 65, — Im = mi — mi/ = »»*, (// ) i = fj\ 
(X^ =■ lk=. UfJ + 0,/ 4- c^m , ilk =■ mk = Cjm , /lA = /* = Oaiin , 
0 =: ml^ = eSm = = ml; = , 
Igssk^stOsJ + <U' = "31 (1 -r ''siV + . 

I'll = = „ ( 1 + '/ )m , 0 = /i-'m = ( 1 4- r/, , )km = f/ ., (1 '/m) = koi , 
/t/ = d^jwj , U = /r' = (t,/ -t- i,m -f tyi = a, = i, + t/J = + 1 
ki=ttal+{l>„ + «2Ai)m, 0 = ift = c^ssdUu^^ = On = 

• 0 = ki-> + a-i + = i'n, + '/.,+ ! . <'m = 1 = r , 

0 = L^i + kik + (•/.:» = i,, + ( 1 + li'/;n ) , ' + /"■) =l + /'j< *■ (/ + y-y) = "J . 
(A +i«)t = buj + t/^' + e^m + — (ij, + i>~ i<(hi)J +i'J) + Cjim, 



* This line and this lint miuatiou uf tlj« next can be derived from 0— (i -f J'c)*. [C. & P.] 
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M tfaftt if p Mti«fi6t the equation 

tbe lubetitution of ife+i>^ for h aod of l-\-j>j for { is the Bame as to make 

0 = 6ta = «4 = i.. 

There are four 



[241'] , when neither «^ nor e, Tanishee ; 
[2412], when «^ does not vanish but e, ▼anishes; 

[2413], when t',j vuitishes and not e,; 
[2414], when and both vanish. 

[241*]. The defining equations of this case can be reduced, without low of 
generality, to 

We thus obtain a quintuple algebim iriiieh may be called (ou^, its multiplication 
table being* 



J 


0 


1 


m 


0 


0 


0 


m 


0 


0 


tl+in 


fm 


m 


0 


0 


rm 


0 


0 


0 


• 0 


0 


0 


0 


0 


0 



[2412]. The defining equations of this esse can be reduced to 

% = ^ = 0. 



• III rtlalive form i= A : B -i- B : r)+ rC : K + tF : y+ O : F. j— A : T) + t'C .F. k-A:C+B:R 
+ J> F+ A . a+ a : F , I = A : II F . 1,1 — A : r. To obtain lax, ; , i«nit the Ijist U-nn of k. To 
obtain omit, inatcad, tb« lam lenu of >. To obiain [ott), omit botb theae laat teima. [C. 8. P.] 
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Wc thus obtain a quintuple algebra which may be called (aa%), its multiplication 

Uble being 





J 


h 


I 


m 


i 


J 


0 


I 


m 


0 


J 


0 


0 


m 


0 


0 


h 


tl+m 


r*OT 


0 


0 


0 


I 


tm 


0 


0 


0 


0 




0 


0 


0 


0 


0 



[2418]. The defining equations of thie caee can be reduoed to 

We thus obtain a quintuple algebra which maj be called {ojh^ its multiplicatiiHi 
table being 





• 


k 


1 


m 


i 


J 


0 


I 


m 


0 


• 


0 


0 


m 


0 


0 


k 


?! 


9*111 


m 


0 


0 


I 


tm 


0 


0 


0 


0 




0 


0 


0 


0 


0 



[2414]. The defining equations of this oaae am 



Wc thus obtain a quintuple algebra which may be called (a%), its multiplication 

table being 
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i 


J 


0 


f 


TO 


0 


J 


0 


0 


m 


0 


0 


k 


tl 


r'w» 


0 


0 


0 


I 


tm 


0 


0 


0 


0 


m 


0 


0 


0 


0 


0 



[242J. The definiag equationa of thia oaie «n 
which give 

0 = "ji j7'' = lik = 1* =: ikf = = /"j, , 
i/.^ = fk = + r./ , 0 = tP = «•» = r,//,- = r, , 

0 = imi = flj, = cj, , m? = mj = -f e„wi» , 0 = wy» = 

Urn = lm=s otj + 1^, 0 = fei» = <!^, 

0 = i** + i/n" + A-t' =: <'„f/j, = 2»j3i + f/jir/^ + f^igi, 

= — a,iy , 0 = /.•'y = «„ = ^y = li = e^nib » 
0 = imk = = , 0 = mJ^ = e„ , 

0 s in = = £W ss <ta&n = = ^ 
There are two cues: 

[2421], when does notTWiiah; 
[242*J, when vaaishea. 

[8421]. The defiBing equaition of this case cm be reduced to 
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wbidi, hj the ud of ihe above «qaaiti<Hi8, give* 

h^J = /.-(•/.■ = l-l = mk , 0 = iP + klk + = 2a, + ^t, 
0 = i^ = af = bf, = ld = km = mk — ml ; 

•nd if j> » determined by the equation 

^ + ^' . ' + and m + pj can be lespectively nibetituted for ife, f and m, 
irbidi ie the same thing as to make 

6,= 0. 

There are three caeee : 

[24'2P], when noither f/j nor f, vaatshea; 

[21212], when </, vanishes ari'i not ; 
[24213], wlien </, nud <, both vauish. 

[242L'j. The defining equatioo of this case can be reduced to 

rf, = l. 

IhU l.'i^ cs a quintuple algebra which may be called (iai), ita multiplication 



table buiug* 




i 


J 


* 


1 


m 




t 


i ' . 


I 


0 


0 






• 


0 1 0 


0 


0 


0 






k 




m 


0 




0 


0 






I 




0 


0 


0 


Ti 


0 






m 




0 


0 


0 


0 


0 





















♦In rtlativo form. i = J : B + B : C + A :E . j= A tC, *= D : B + + X) :G + eO : 
izzA.f. m — D-C. ByoiiiictinR tiiR hiHt temcf kamlpattlof (Bl w«|«t(Wt)iWdtxanrittta(th« 
last two ternu of we get (tw,). [C. & P.] 
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[2421*]. The defioing equation of this case can be reduced to 

Hub gives a quintuple algebra n^hlch maj be called {bb^), ita multipUcatioo 
table being 



i 


J 


0 




• 




0 


J 


0 


0 


0 


0 


0 


k 


in 


0 






0 


I 


0 


0 


■ 

0 


0 


0 




0 


0 


— 

0 ; 


0 


0 



[24213]. The defining equation of this oaae is 

This give* • quiataple algebra whicb may be called (ic^), it» multiplicatira 
teble being 





* 

J 


k 


1 


m 


i 


J 


0 


I 


0 


0 


J 


(» 




0 


0 


0 


k 


m 


0 


0 


0 


0 


I 


• 


0 


0 




• 


m 


0 




0 


0 ! 0 
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[242*]. The defining equation of this case it* 

There are two caM : 

[242*13. when <^ does not vanish ; 
[242*], when ^ vaniaheB. 

[243*1]. The defining equation of this case can be reduced to 
wfaidi gives 

0 ^ ir, f ,7." + = a,{.I'^ -h (/,! + 1)» mi = at{d^— l)y, m/=ma= 0 , 

mk — — , — — KjinJ — 'V^i' , = 0 . 
There are two cases : 

[242*1*], when oi does not Taniab; 
[242*12], when a, Taniahea. 

[242*1*]. The defining equation of this case can be reduced to 

jt» = » + m, 

which ^yee 

di, = -C^l = f, lk=j, mk=:: /, 

jb* = — km = bnJ + tl, i»» = (r'— »i'=i — r>. 
There are two cases : 

[242'!'], wticn does not vanish ; 
[242*1*2], when K Tanishes. 

[242*1*]. The defining equuiion of \h\g case can be reduced to 

kl=j + Tf. 

This give.H a quintuple algebra which may be called (id^, its multiplication 

table being* 

+ «:J', is:A'.B'-^A',r+B:r,mBt*A:C--A:D-B',g—air. ta&P.] 
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(W.) i J k I 



i 


J \ 


0 


i 


0 


0 


J 


0 


0 


0 


0 


0 


h 


i+rll 


0 








I 


0 1 


0 


, 




0 


m 




0 


—f 


0 





[242*1*2]. The deening equation of thu caw is 

This gives a quintuple algebra which may be called (ic^), its multiplicatioD 
table being* 



• 

• 


J 


0 


I 


0 




0 


J 


0 


0 


0 


0 


0 


i 


tl 


0 




Ki 


— r/ 


I 


0 


0 


J 


0 


0 


tn 


(r'-l)y 


0 


-I 


0 


-0- 



[242*12]. The defining equation of this case is 

Jt*=*n, 

which gives 

0 = M = = ^tn = mil' =: m* = A*t = mi . 
There arc two cases : 

[242' 121], when bu does not vanish ; 
[242*12»], when A„ vanishes. 

* On adding to Ae«c|in«iaafor»iDflwlMtBOto(lM tank— it :C, wialmvB«liuatBaihni>Miatt«» 

(orm. (C.&P.] 
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[242*121]. The detiuiug equuLiuu of ihi;* ciusc caa be reduced to 

hi = j + (/s,/. 

Tim gives a quintuple algebra which may be called {b/f), its multiplication 
table being* 



i 


J 


0 

. J 


1 


0 


0 


J 


0 


o| 

— 1- 


0 


0 


0 


h 


J+dt 


0 i 


m 


0 


0 


I 


0 


0 1 


U 


0 


• 


m 


0 


1 

0 1 


0 


0 


• 



[MSnV]. The defining equation of this cue is 

This gives a qumtuple algebra which may be called (6^,), it« multiplicatioa 
table being t 

(bgj i J k I m 



i 


J 


0 


I 


0 


0 


J 


0 


0 


0 


0 


0 


k 


dl 


0 


m 




0 


I 


0 


0 


0 


. 0 


0 


m 


0 


0 


0 


u 

1 


— 



*lB nlativ* Cam, i^A.B+B.a+D'.M, J—A:0, k^A:a+dAiD+BiE + B:F, 
l=A:M, m = A:B+ A:f. [C. S. P.] 

tin rtUtive form i = A : U + B : C i 1 > F . j—A:C. k = dA : D + B :K+B^,F, l^A'.M, 
m — A:i'. llic ulgcLra i.ofsj u what U>i» becuimw wbuu d = 0. [C. S. P.J 
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[242*]. The deflning eqtwtion of this case is 
which gives* 

* ft ii not Mtqr to n* bow th» Mtfior provM that «(=0. Bnt it sui be pnmd ttnia. Oslt's 

ItealgelMM of a* OM* DNSn sw qdnlopto qritm la irti* efW7 
ftwtof T*aMm, wfall* tvtitj ptadwot wfaioh do— aat^aakh toallaiar itorttanf/Md t Aaf 
ittttlttpUartton tMa ooirfaniiim to (fawe oeaaMona b »eU<inn«fcitwnt, bqtfti«*ai«ttw>rft«»u>«tWBM> 
to wdnia •my on* «t • mSMd ■Igilin An algebn «( the ctai in qM8»Hm» to MiHnfatoi tf all 
prod tt ett an •faallar. Bat tUa caw reqoiTw ao qwdal atUotton ; and tha only olkar b whaa two 
dfa ri mM a r a upw a rt o M IT aad V «aa to tsoad, MMh that faotfc faatag UMar taMtiODS ofl, k and*, 
in^sVITsO. ft will to eoBvaniaiit M ttntUuft mpmlMy, int, tha oonditioM under wfatoh 
in^— FI7=0, aad, laooiidly, ttiOM uadar wUtsh I7r+ nT=0. T» bdag tto snbjecia ondar a 

ftHHUiarftalll, WamarOBDOaiye of <. , m aa tbre« vr-rUirn not coplauar. wttnti WlUiBC 

UsLsd+tik+tm, V=aii + ^k+tin, 

— T Imn nr. f . ir. mil <ir* . iT n* . lint Tliftiafan nnfltiMiiaiin nl trt pnfntr In niri [Wa aiii^ 
faaaghMOaapaeatotoof tha liyperboUc kind, and tato tto ooMBoieDtfi nf j and I aa eoOidlnBtai o( a 
point on the quadiio matma* at infinity. Bat this woold not fHithM- Ui« piirjKJM with wUch wa now 
totradnce Kcouetria MawvHoaii] Bat aiaoa wa are to oanaid«r only nob pro^eitles of U and V aa 
tolong oquaUy to aH thilr anmaitoal maM p laa, we maj ajwome that tbej always lis in uiy pUna 

■ot|iairiiigthiiMighftaorigia;aadllMB«, r, a, aadu',/, if, win bo tha liOMOgaBaona fwftrdiwatia 
of fliatorapatatoI7aBd7tiidnitpbiM. Latittoicmembana lhat, alOwaglil, ft. ai«raTMton,7at 
thoir MHiMpHoatfcai do«a not at all follow the ruin of quattirnioux. but tltat 

i' = bj+dj. <k-b,J+d,,l. fm = t>, j + d,,<. 

mi = btJ+dt,l, mk = b,tf + d,tl. m*=bj+dtl. 
tto ooDdi B oc that UV— VU=.0 it n pt m u i by tha aqnattoM 

(bi7 - ft, , ) - x'sf) + (6i , - , I - yz i + ; f., . f^a) =o, 

(<*..-<*.•)(«»'-«'») + («li.-<i..)(««'-«'*) + ld.,-<„)(||i^-l('*)=0; 

Itotatovtotka avidanttrdSBiSaalluik ftnravarjrTataaor r, T^anul tooaaittalghit Um, that fWa 
UBa^paaMBthfOlii^ 17, and that it also tMoaes throngh the point 

P= {l»„-b„><+(b., -*,.)*+ lb„-b„)m. 

Tba aaoond aqnatiom axpi waa i (hat tha Bna batwaan tTand Foontaina tha point 

Q={d,, -d„)i+ (d,,-d,.)*+(d,,-d.i)»n- 
The two equationii together fUKnify. therefore, that U and V may be any two pointo on the line liatwaMI 
the flxvd (lointM P and Q. Linvair tninsfurinatiouK of / and / mny ^bitt P and Q to any aHiar ritnaHasa 
OB tba tina joiaing tliam, but cannot tnro tiia liaa nor bring tha two point* into coinnjdawaa. 
Tto oaoditiaB Oh* CrF+ • to aKptiHMd by oqnaltona 

»,aHj'+ 2&,OT'4- 2t..a'+ (6„ + b„)[Ki^+a^v] + (b,. + 6,.)(a'+ a'a) + (b„ + b..)(»«'4V«) =sO, 
»*,a!ae'+ sd.^'+sd + (d, . + fJ. . + frf, . + «!„)(«'+ «'«) + (d,, +«»,.) (ffi'-Hr'tl =0. 

The Hmt of tho«c cvidi tjtly <i>;niHi-' tliut fur utiv |>iwitir>ri nf rthelocu* of CnsaUne: t)i;it flwing fixed 
at any point on tliat line. V'may be carried to any (loeition on a line passing tiiroagh its original poaitian ; 
and fhat further, if 17 is at ona of the two point* wliore iti Una euto the oonio 

M' -i- »dr' + (bt. + b..)av+ ((»,• +b*,) ««+ (bt. ».,)in=0. 
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0 = i^s=aiJ^«h = 'f- = ml = k-i =z in' = '-J =1 = Jfm = %, 
0 = kmJc =iajl = au = lm. 



than KnttjrlMattit iatelMjraaighboitaff polntOB tiwMaiteanto. to Hh* tnfaoli lo <Im oobIo fnni 
Foiitfiwiacnaot Zri*«lMir]Mliit*<< taaganqr. Ilu aeeaod wimUoB dMm Oiat Am poiiito IT aiiA 7 
tart tbt nm» ratatkm to the Mnio 

Thsae oonica are tho loci of potuto wboM Aquarm contoiD rwpectively no tens In / Mid no lena in I . 
Their four intenectiona represent ezpnawions whotw squares vaninh. Honoo, linear transformatioaa o< 
i and { obaaga tfaaee oonics to any othorB ol tlie theaf paacing Uutn^gh than four fixed pointB. The 
two ^ n ual l em tetpAat. Omo. algnify Utat through tht low txti pofada, tm Muioa eaa Im dmwn 
taiifeBtiitirsnd F to the line joining tkMM last point*. 

Unltii«thaooadMoaio< UV—VU^O ml t7F+nr=0, tbi^iignliy that {7 aad Fin on the 
lint Jiifaih3cPaad<^a»thaM potato at whiehtUiliBelitucnt to eoiiMthr^^ Imd potato 

whawaqwnwTBBlih. Bnt if fh* olgohn to pBM, it i> tavoaiiUo to llad two moh potato ; w (hot tho 
ItaoMwNB^aad^anotpiiMthraachaaoof the lonr ftxod potalk In othor wwJo, tiie ntnii— iiy 
obmHMob o< tho nigohinbotagpniolo that OOP ond only OBOiillpBtrotonpoMrfan to i, k, m, AoiUlw 
kUnaorfoHBtfaMialPaiid Q. 

Tho two potato Pond 9 tofotfaer with tho two oonka completely (tetormlno oil tho oomtanto of fho 
mnltlpllnoHim tohio .LokSoad T ho tho potato Ot WhMl tho two i»n'K» separately intersect the line 
h o l weo M Pond Q. ABnoartmnaloimotienof/ wllI move JPtotfae poiotpP-f- u — pi Qand will move 
S to the point 1 1 — ST, and a Bnear transiformatlon of { nrill move Q and T in a similar way. Tho 
pointH /' and 6' may thus be bronglit Into o<>inciile»c«. luii) the |)uint Q may be brought to the common 
point of inter x-< til 111 of ihf two rrmioB witli the line from P to <^ . The geouietrioal (l|;iire iletermitiinif 
til*- a]|(«>brn is Uius riduc«i t<i n lirnt iuiil a »erond conic an<l a struiKht lirii- li.'ivln>; i>np oomnmu iniersec- 
ti«iii. This figure will hare special vuri< tii - ihii' to the oiinoldi-iH't' of difForent inti rsi rtinii-. < I. . 

There ai'e nix ca»K» : [\\. then' :i lint- <>( i[iiari(itie<( whowc i<«|uarp9 vanish and i>nt> iiuiintity mit of 
Uie line : there are f'Hir iln.sitml.ir <iii;iiil iti^^ wlntv Hiiuarc- vuuinli : [H], two of tlieee four <)u:iijtilii« 
coincide ; [4]. two pairs of the four iiuiitiutii-a mini idf , jdj. thr<'<> <p( tin' four t|unntilieit coincide ; [6J, all 
the iiuuutitit'H iL'oinciilc. 

We mji\ . iti I'MTv i iu«ti. i«upiH"f tin' equation of the plane to be j + S -t" * = t ■ 

Iti Oif iiw tho line cvniiuri ■i il.. nvo cotiiis may be talien a» .v= u , iiml tin- Bejiarate lines of 
the i onics aii 2 0 and z = 0, respectivvl}'. Wo may aiMO msatnt 9P =■ x + y tad iQ = x + * . We 
thuH obtain the following mtdtifUeolton taUo, whoM tho town and ootamno towtoci and I ao ttato 
arsumsBto are omitted : 





i 


k 


m 


< 


0 


« 


-/ 


k 


-I 


0 


3/+f 


m 


i 


i-i 


0 



Uq. In dlia OMO, w« may take k m tho common inu^rseotlan of the two oooia and fbo lino, <, at* 

and I— *■ 4- m JiK the other intvrMX'tiuns of the conies. We have Q — I . ad^l » may w rite 

Wo thna oMata tho Mlowfaig mulUplioailaa tiMa : 
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There ue two eaees: 

[242*1], when rfj does not Tooiihi 
[242'], when <h, vanishes. 

[242'IJ. The detiniag eq^uation of (liis case cau be reduced to 
which gives 

(* + W + !«) = i + i^l' = «• } 

end if 



0 


9(9 + liy+r}(r(f -• \\t 


f-3-/>;p-8) + 9to+l)li 
+ [- 8 - rpl.rp- tl + «f Irg - 1 )]/ 

-j»(j»-«i-«j>(ia»-i)» 






(a + + 0(9-8)1; + 




• 



13). Let k be Uk' ilnul>lo jioint cumrnon to the two coiiii ami let i and m be their otlier interBectiotw. 
Then all eTpn'wifiii!" <>( tl^i' I'.tni Aw 4- nri- "imilar. Tlic liiii- t>i i«<'< ri P and Qcaiiiiot jiokh tlinniKh 
k . biTUUM- .11 lli;it •d] piikjiii t- winiM In- ■•iiiiiliir \Vr tiiuy tlKTffiTO ;ii'-urriij ttuit it |.iu»soh tiimu^h 
i . Tlioa, wf liavo V' — > ■ " f"".v tannic S=. I'zzi — k+ m, and wo lua; write T— ri* + 1 1 — rj Q 
= 1 -rl+nii. TliecquaUonof theconmionlngBattoUWOaBlMaiklMqrbeWTttleato+U— *)«sf . 
Then the aquatioiw of the two couio are 

We thiu obtain the following multiplicatioD table : 

I k m 



0 


f» + 1W+ rH |v+ 1* (1 - r) + Jrll 


(k-l)j+[h-r)l 


1 







L4J. In thin case we may take t and m a» the two point* of oootact of the 
jk'f'IRMT. Thv wtitiiig the eqaationii of the two tangeDts 

(W+i — 0 j + ^iv — 0. 



1 Mw muitiiiUaatioa table ia •• foUowa : 
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tbe mbstittttion of h-\-h^-\-pm for k and I -^^ h^j fat I \» the nme as to make 

This gives 

= «» = V. 

There are two cases : 

[242^1*], when 6, docs not vaniBh ; 
[242*12], wlwn fi^ vanishes. 

[242'''1']. Tbe dcGniug equation of this case can be reduced to 





i 




M 


i 






«_ 


» 


ttf+(tf-l)I 


0 




M 


V 




0 



b ttili OMS, we mar take It as Uie point of oecal«tlon of tiw ooofce and Iksir poiat of Intaf^ 
HOlioB. 11m Uat between P and Qmurt either, [SI], pMtkiWBkJ^w, (09, pm 
pi]. W« may, wttboat kna of graeimli^, take 

P=», 

•ad the aqvatiooB of Um two oaaJee an 

i' + rj-r = o, nty+SgaE(+%*s:0. 

Then, the mulUiiliuaUMi table ia as ff>Uows : 





i 


k 




i 


• 


0 


9' 


b 




0 


/ 


m 









pq. W« ham 9=1, w« may take 7=111, aod we way a mme f =K— m and b«, = 1. 
Tliea, we niijr write tint equtkna oT Mm two oonire, 

2;' + J7/ + xz + lilt — 0 , 
-- rig + 18 — r) + r'gt= 0. 

We (line ofataki the foUowlug nialUpUcatiQa table : 
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Tliis giv(;.s n quintuple algebra wiiicU can be called {bh^, iU multipltoitioii 
table being * 

(M.) i 'j i I M 



J 
k 
I 

m 



I 



«;+Mj 0 J 

0,0 0 



0 



0 



0 

0 



I 0 i 0 





1 


k 


» 


i 


0 


— 


J-(r-S)l 


k 




0 


(r-8)j 
+ (r» + lH 


m 






V • 



[01. The conies hare but one point in common. This magr be taken at A;. Wo have <J = k, we may 

lAkc r=i an.i 2P WtBMjritlMMn »i=— 1. Umb tiM vqimMm «< Mw t«o < 

may written 

— a-» + 4- 2jv + iqrt + Srp* — 0 , 
(4 + pr ' J «^ + SoV + + r) « + 2f»i = 0. 
We thm llad Ibte imiMiilieatiim ta^ 





i 


k 


m 


i 


-J 


J+l 


• 


* 




0 




m 








tKlil.s .>f tlii-- > 1 


-•is IS < ..rr>'( t, <iiiir tlirr^ indeteminHle coaflleieii 

iif algtiljrjis. [('. S. P.] 


t> m iwiHlKd for dM ■ 



' St" Li^i u<:i,: I iio not i^ivt- ri-iaiive foim fo* fUvdwdC eliclini, owtatg to Mm a«traBMi4 

with wtiicli thcry may bo found. [C. S. P.] 
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[242*123. The dcliuiug c^ualiun of this uu>e in . 

JJ* = 0. 

There are two coses : 

[2i2'121], vrben does not Tanish ; 
[242*12^, when tki VKnishes. 

[242*121]. The defining equation of thia cue can he reduced to 

&,, = !. 

This gives a quintuple algebra wbidi may be called (0i^), its mulliplicutiuu 
table being 



(WW i 


J 


k 


I 


m 


• 


J 


0 


I 


0 


0 


J 


0 


0 


0 


0 


0 


k 


j+al 


0 


0 


0 




I 


0 


0 


0 


0 




m 


afj 
+Vl 


0 




0 


I 



[242*12*]. The defining equation of thia caae is 

ki — dgj. 

There are two caaai : 

[242*12*1], when b„ docs not Tanisb ; 
[24:^12*], when in vanishes. 

[242*12*1]. The defining equation of thia case can be reduced to 

ita = l. 

This gives a quintuple algcbiu whidi maj be called its multiplication 
table being 
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J 


J 


k 


I 


m 


i 


J 




I 


0 


0 


J 


0 


0 


0 


0 


0 


k 


al 


0 


0 


0 


hj+ct 


1 


0 


0 


0 


0 


0 


m 








• 





[2424 2''j. The deGiuDg eqimtioa of tliis case is 

mi = cy ; 

which caa always, in the case of a pure algebca, be reduced to 

This gives a qntntuple algebra which may be called (M^, its moltiplieation 
table being 





J 


k 




m 


i 


« 

J 


0 


I 




0 


J 


0 


0 


0 


0 ! 


0 


» 




0 


• 


.1 


bj+d 


I 


0 


0 


0 


0 


0 


m 


I 


0 




0 





[242*]. The defining equation of this case is 
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aud il call be reduced to [242'!] unless 

= = 0 , =.bfj, = — (/„ = — <4, ; 
whence it may be assumed that 
and since 
when 



101 



{k + hiy = 0 , 



it may alsu be assumed that 
There are two caaes : 

f242^1], when Zi<,i duetj uut vuuishj 
[242*], when TaniaheK 

[242*1]. The defluing equation of this case can be reduced to 

- 1 . 

This gives a quintuple algebra wliich may be called {Id^, ita laulliplication 
table being 



0 0 



0 0 



0 0 1 0 



j—l 0 I 0 0 \aj-irbl 



0 



0 \nj-\-hl 0 



9 



[2^. The defining equation of this caae ia 

U = — l. 



There are two cases ; 



[242' Ij, when hm doea not mutiahj 
[242^, when vanlahea. 
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[242*13. ^ dfifiaioig equatioa of this am can Iw reduced to 

»» = 1. 

This givGH a quintuple algebra which may be called {Itmt), iu multiplicatioa 

table being* 





i 


J 


k 


I 


m 


* 

• 


« 

J 


0 


I 


0 


0 


* 

J 


0 


0 


0 


0 


0 


i 


—I 


0 


0 




j+al 


1 


0 


0 


0 


0 


0 


m 


.;■ 


0 


hj—al 


0 


9 



[242*]. The defining equation of iim case ia 

»te = 0. 

There are two cases : 

[242''lj, when l/„ does not vanish ; 
[242'], when b„ vamsbes. 

[242*Lj. The doiining equation of this case can be reduced to 

This gives a quintuple algebra wbicb maj be called (fin»), its multiplication 
table beingf 



'This alKobra in mixed. Namely, if b^l. it Mpanttt OB antatituting i, = H -b]i + k, 

kt = (1 — b) t + (all — b| + in — ft — b)'m; but if 6=1, it npantoc on sulwliluUus i^=ca — [a' + a 
+ C)»+ , - "< -r qk + m . IC. S. P.] 

tBubetilule i, = i — k, J.-, = oA; -f m , and the algebra leparateit. [C. S. P.) 
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• 

t 


j 


0 


I i 0 


0 




0 


0 


U 0 


0 


k 


— I 


0 


0 0 


(il 


I 


0 


0 


0 1 0 


0 


m 


J 




j-al^ 0 





[242^]. The defining equation of tiiin case is 

= 

This gives a quintuple algebra which may be called (bo,), its multiplication 
table be Lug * 

{bo,) i J h I m 



i 


i 


0 


I 


0 


0 


* 

} 


0 


0 


0 


0 


0 


h 


—I 


0 


0 


0 


<i{ 


I 




0 




u 


0 


a» 


i 


0 





0 





[243]. The defining equation! of thia caM are 

0 = tlt = tls=m, 

which give 

0 =j'ifc=yi=^'>n. 



*SalMllttttolto», ot+m, aaddwalgebnaaiMntca. [C&P.] 
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There are two cues: 

[2431]. wh«n U = f , ft' = m . ml = 0 ; 
[2482], when « = /, li = mi = 0. 

[2431]. The de6ning cquntions of thu case are 



whiclt give 



i,J = m , = nij = 0 = = =: P z= /m = ml =■ »*', 
0 := tl^ = tiU siXm = Aj = r(„ = <t» , 

= hti = Cjin , 0 = Pm = f':, = hm , 
0 = if = 6jm + d5»i = 6, + dj . 



There are two eaeee : 



[2431'], when does noivaouh; 
[24312], when e, Tanlehee. 



[2431*]. The defining equation of this cam can he reduced to 

',= 1. 

This snef a quintuple algebra which may be called {bp^, its mulUplication 

table beinj; * 



* Th«i utructure of thi» Klgebnt mny be «xbibite>l by inittiius k,^i + a 'J — w'k, /,=/— a"'/, 
«i;='-a~'m, whMflwiiinllip 





1 


i 
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/ 


m 


i 


/ 






0 


0 


i 


0 




0 




« 


k 


; 


». 


0 


0 


0 


I 


»< 


0 


in 


u 


0 


m 


0 


0 


0 




0 



Ii>ielatiT«fonn,is:i/:C-|-C:i>, jsir:i>, 1-=:^ :£+C:i>, /=:a:C, msJii). [C. 8. P.] 
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li 
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./ 

1 


Ml 
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1_ 
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0 

■ 


0 


0 

1 


J 


0 


0 


— ^- 

0 


0 


1 

0 


k 


I 

1- 


m 






0 


1 


m 


0 


1- 


0 


0 


m 


1- 

0 


0 


0 

1 


0 


0 



[24312J. The defining equation of thw oaae it 

This Kives a quintuple algsbn whieh may be called (ig^, ita muldidieatioin 
table being * 



(%) »■ 




k 


I 


m 


i 


i 




■ 


0 


0 


J 


0 


0 


0 




0 


k 




«» 


- «!/ 

+ a/ 




• 


1 


m 


0 


0 




0 


m 


0 


0 


0 

t 


0 

1 


0 



[24S2J. The defining equatiuns uf tbie ca.^e are 

it>=/, &' = int = 0, 



•On Kulwtituting k, =< — a-'k. I, =/— OTl, Mi a"** , 
form giT«ii in ttM bwt not*, [a S. P.] 



to (tpt). I& (he 
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(i = l'j = lj = mj = fk = P—lm = Hf:=ttt, 

0 as tbn = Oh ANti = % = i% = «h s imife = «■ , 



and it may b« aaaiiined that 
vhieli gives 



0 = it' = km = mk = m* . 



There is tlien a quintuple algebra which may be called {br,), its multiplieation 
being* 



(4r,) i 


J 


k 


/ 


m 




J 


0 




0 


0 


J 


0 


0 


0 


0 


0 


h 


I 


0 


m 


0 


0 

— 


I 


0 




_•_ 


— 


0 


m 


0 


0 


0 


0 


0 



[263* The defining equations of this case are 

0 = !*=f=h'=P= m* = ij + ji = a- + ki - U + U =z {m + mi , 
0 =jk + m =s^Jl-\- ^ =jm + «\i = ki + Ik =.km + tnk=ilm + nd-, 

and it may be assumed that 

^=kzs—fi, U=m = — K; 



•In relatiw ftm, <=l>:Jr4-«:^. isDzF, tsAtB+BiF+OtM, t^Otf. m=A:F. 

[C. H. P.] 
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vhidi giws 

0 = ik = fd — = hj = itn — m I = /.-m = IB* =: ftd = «lf , 
V"* = W = ijjii; + d^m = — i/J = —mj= jm , 

0 = j"*!!! B d^jm = d,« = :=bjcl = b^ = kl = lk= jm = r»y , 

+ '■mO = ^t.^* + . 

1 {<^uJ + ftiO = — Cii {fs^/'^ + ; 

so that it is easy to see that there is no pure algebra in thiu case. 

SKITOFU AldQBBBA. 

Then an tiro caau : 

[13, wlien there is aa idempotent bean; 
[2], when the algebra ii nilpotent. 

[13. The d^ing eqaation of this oue is 

r = ». 

There are 19 CMea: 

[1'], wlicn all the other units but » are in the first groupi 
[12], wlnMi j, k, I, m are in the first and n in the second grou]) : 
[13], wheny. k and t are in the first and m and n in the second group; 
[14], wheny , k and I are in the first; m in the second and n in the third group ; 
[15], when / and ft are in the first and /, m and a in the seoond group ; 
[16], when / and k are in the first, I and m in the seoond and n in the third 
group; 

[17], wheny and k are in the lirat, / in the second, m in the third, and n in the 
fourth group; 

[18], vrhaaju in the first, and k, I, m and n in the second group ;. 
[19], when _;' is in the fust, /.-. / and m in the second, and tt in the third group ; 
[KV], when y it* in the first, A- and I'm the second, and hi and n in the liiird group; 
[ir], when y is in the first, k and I in the seoond, m in the tliird and n in 

the fourth group ; 

[12'], when J is in the first, ile in tlie second, / in the third and m and n iu the 
fourth group ; 
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[IS*], when/, k, I, m and n an in tlw Moond group ; 

[14'], when/, k, f and m are in (he second and m in the third group ; 
[16'J, when j, k and / are in the second and m and n are in the third group; 
[IGQ, whcu J, k and / are in the second, m in the tliird, and n in the fourth 
group; 

{VT}, when/and Jfc are in the aeoond, I and at in (Im third, and n in the fimrth 

group ; 

[IS'j, when J and k ure in the second, / in the third, and m and n in the fourth 
group; 

|19Q, wheny ia in the aeoond, i in the flurd, and I, m and nin the fourth group. 
{!*]; The defining equatiooa of thia eaae are 

ysifiisj, tftasUsJfc, t'lsSsf, MNSflN = «>, m = m = fi, 
and the 64 algebnui of this eaae deduced firom (g^) U> (hr,) may be called (a,) to 

[12]. The defining equations of this ease are 

& = » = U=U = t, im = mi=zm, «n = n, m = 0, 

wUkshi^ 

0 = ^ = IV — An = «t — Ai B = AM « fMi = 11^, 

ao that there is no pure algebra in this case. 

[I3J. The defining equations of this case are 

V=/i=y, i%=A»sJb, iissKssl, imssm, i^ = «, nnssmsO. 

There are four cases, which correspond to relations between the units of tbs 
first group similar to those of the quadruple algebras (oj, (c^) or (c^). 
[131j. Tlie defining equations of this case are 

/ = jk = kj = l, jl = /i» = ki = (J = lk=iP = 0', 



and, in the result, we obtain 

jin = n, ss Jbit s in s An = ss 0 . 



' TIk' initltipliraHon U\hU~^ of thoiw algobnui, (ormed from U>« nilpotoot quiutuple algebras, iu the 
xiuvj ni^iijtiLT in w; icl, tint claas of qaiublpto SlgtlKM W* tdMMd tan th* SilpOMB* qwdnfto 

•igebraft. have be«n ouiitted. IC. S. P.] 
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Thiii gives a sextuple algsbra whioh nay be oalled (6e^), of which the multipU- 
cation table is* 





* 


>• 


k 


2 


m 


1* 


« 


i ' 


J 


k 


/ 


m 


l» 


i 


1 

J 1 
—I- 


h i 


1 


0 ; 

1- 


H 


1 

0 


h 


k 


— 1- 
I :■ 


I 

0 


0 


0 


0 


I 


^ 


0 


0 


0 


0 


0 


m 


0 

1 


1- 

0 


0 


0 • 


0 


0 


» 


0 


1- 

0 


0 


0 


0 


0 



[1323. The defining equations of this wise are 
which 

km — kn — {). 

There ai« two oeeee : 

[1321], when r„ docs not vanish; 
[132*], when vanishes. 

[13213. '^^^ detining equation of this ciise uau be reduced 10 

jn — m , 

which pna 

0 =ym = fm . 

This gives a sextuple algebra which vaay be called {bd^), of which the uiultipli- 
cation table 19 f 

•In rclntivf form, i — A : A B H + c ■ C + D !> . j — A : B li : C+ C : D . k = A : C B : D . 
Is A :D, m — n.E. n-.\ i: . fr s, r 

■ tThlit algubra is distinguishable into twt.. iu Uiu mmv luanuur as \e, I. Naiiiel)'. if n ~ ± 2 ■>ri Mib- 
stituting l. =l±:j. we have l'z:0. fl — k. /j = — k, i»ml the mu1ti|i1ic»tiim tabli' in otiiorw;-.- un- 
ctuuigvd. Ocberwisa. on substituting — g' , I, —k + C'j . wlu-rviJc — a ± — 4 . wo liAve 
i' = J' = 0.//=U — c'i*. 0=: II - r-'it. jn = ib+c]k. /n = II. -r f"'! *. mad otherwiM the mnlti- 
plication tabic Ik unchanged. The follonring ih a relative form for the Ant varioty: i — A:A^B;B 
+ C:C+D:D.j=A:B+B:0+C:l). k = A:D, l = A:<- - l):D. m=A:E. n=B.E+bC.R 
FiatheMeoaAwtglatf,i=A:A+M:B+C:C+DiV,jzsA:B+{\—t^)CiD, k=iA:D.lsA:C 
+ it=(b+«)»:*+tt+i-')C:*. (C.8.P,] 
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■1 
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0 


0 
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I 
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m 
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-1 

* 0 
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0 


0 


0 



[183^. The defining eqiwtion of thii oaae is 

and tbm io no puro alfelica in this omo. 

{IV], Tho defining equations of tbia eaae •» 

/ = (; = A, >ifc=>/ = i^ = i» = jW = ft = P = 0, 

which give 

&m =-kn= 0. 

There is t aeztaple algebra in this cose which may be called (ie^. of which the 
moltiplicatton teble is* 



•nitadcrinmiMv torn UtOarfaqltaed lymMtiitiaci-lte^ In nlBtlve fbm, <=:it :it 
+ BiB+C'.C+D:D, JsA',D-^B:C, k^AiC^ isAtB, m^A'.E, »^hB:M+aDtM. 
(a 8. P.] 
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[134]. Th« defining eqiiationfi of thin cafte are 

Jfc = — kj=/, f = ¥ =jk = kj — kl = ik = P = 0. 

There in a sextuple algebra in this csLee which m&y be called of which the 
nniltiplication table ii * 
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h 
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0 
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. 
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0 

I 



*Tnteia.UvotoTm,i = A:A + B:B + C:C-i-DtD,JziAtB—atD^ hzsA:D, l=iA:0+BxD, 
m^A-.S, n=B:S+aC:E. [a&P.] 
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[14]. The defining equfeiooB of tliu oaaa an 
ij = ji^j, ik = ki = k, Us=K=l, tM = m. lU^n, «iis«n=0, 

which give 

0 =Jm=Jn=km =kn = lm = ln = ny'—ty = mk = nk=^ ml=nl^ m'snm =a*. 

There are four cases defined as in [13]. 

[141]. The defining eqnnUons of thia oaae axe 

which give 

There ia a aeztuple algahra which may he called {bg,), of which the multi|>li- 
cation table ia* 
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1 ! 

— i- 
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0 


0 


0 


0 



[142]. The defining equationa of this eaae are the came aa in [132], 
which give 

mn = Cfjk. 



•In NUttiT* fona. < = i4:4 + .B:B + C:C+X):Z),/=4t»+»:C+C!Jl. ks.A'.0-^-»'.D, 
fs^tA, «isA:A, «s<:P. (a&P.) 



Diguu J Ly Google 



PsiRCE: Liri'tir A/mciatiw Algebra. 113 

There is a sextuple Algebra vrhkh maj be called (Ma)t of which the maltipli- 
cation table is * 
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[143]. Till' ik'finiiig etiuiiliuu.s of this case are the same as in [13*]. There 
18 a sextuple algebra which may be called (At,), of which the multiplication 
taUe ist 
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* Tlii'^ iilKi'lji;! li.T. tun v;irii-tii-i. .miilnj-rm-i to th(»e< of ir, :. The HrHt is. in relative form, i~ A . A 
+ h' : n + (:(■+ !> J — A 11 + II ■<• + A Jc = A:C. I = — A:B + D:C. m = A:K.n = E:C. 
T»ie Ktsouil in rolative form is the saiue except ihatj=iA: V + b'D : t'. / -' A .D^hB : C. [C 8. P.] 

tTIkiH ali;«bra tiuy bo slightly simpliflud hj fOttiagj'— < forj. Tlwii, in relatit* tUHO^i—A'.A 
+ B:B + C:C,j=:B:C, k = A:C, l = A:B, MSiA:D. n = V:C'. [CB. P.] 

a 
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[U'j. The defining equations of this oose ue the same m in [184]. There 
is a .sextuple algebm which may be called of whieh the multiplieatioii 
table ta * 
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[15 J. The deliaiug equations ot this c&sc are 



which give 



j* = k, 0 =jk = kj = /,-'= // = Ik = P = /m = hi = mj=tnk=mi=m* 
= mn = /y = iik— ul — nm ~ «*. 

There in a .sextuple algebra which may be called {fikf), of which the multipli- 
cation table isf 

•i=i A:A + B:B+ C:V+ l):P. j-A:B — V:h. k^.i.D. I — A : r+ B : I) . m=.A:i:, 
n = iJ:D. tCS. P.] 

tiB relatiTs ttma, i^A:A-k-M;B+CiO, j=A;B + B:C, k=A:C, l^zC.D, t* = BiD, 
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(M«) 
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[16]. The defining equations of this case are 
9=/i=/, ik^M=k, t7 = f, tm = «i, m^n, KsmtsmsO, 

which give 

j» = *, 0=jA=> = i^ = = /.« = //• = M = /' =: An = ffv = inA = nf= «» 

= nj = nk = nl =■ nm = n*. 

There is a sextuple algebra which way be called of which the luultipli- 
cation table is* 
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•In NhiltTO fam, tsiA:A + BiB + 0'.0, J=A:» + M:C, k^AiC, t = a:D + A:X^ 
»TzAtD,n—SiC. [aap.] 
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[17], The detiaiug equations of this case are 

ij =ji =j , ik = I'i = k, U — l, mt = m , li = im = in = ni = 

There in no pure algchrii in this case. 

[18]. The deOuiiif^ et|ualious of this luise are 

ij = ji = j , {/•• — k- , 1/ = f . im = m, in = n , = /» = m» = tii ■■ 

There is no pure algebra in this case. 

[19]. The defining equations of this case are 

ij = jt = j , ik = A- , {/ — I , tin — m , nt =: n , in ■ — kl =: /i = m 

There is no pure algchm iu this case. 

[IC]. The defining equations of this caw are 

ij=ji=j, Oe'=h, tl=f, mi = m, ni = H, im = i» = = /» 

There is do pure algebra in this case. 

[ll*]. Tbe defining eqaatione of this case are 

ij=ji=:j, {Jc=^k, U = l, «H = m, «ms|ii=:«n = «»ssO. 

There is no pure algebra in liiis caM. 

[12']. The d^i^Bg equations of this case are 

ij—ji=j, Ut — h, K — l, «f=Mn = «n = M = ni» = m = 0. 

There ie do pure algebra in this caae. 

[ISQ. The defloing equations of this ease are 

ik=zk, U = /, im = m, ut = », ji = ki = H = mi = iii 

There is no pure algebra m this case. 

[14']. The defining equations of this case are 

ij =j, ik = k, if = / , im = m , ni~n, ji = ki = /i = mi = in 

There is no pure algehni in thiw case. 

[15']. The defining equation!^ uf this case are 

y = iJie=sk, U — l, mi — m, ni — n, im — in=^ji = ki = li 
There is no pure algsbra in tius case. 
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[16']. The defining e(|u;ition8 of this case are 

y=y, ik = k, it = I , m« = iii, im = ia—jk—U — U=.m — fi. 

There is no pure algebra in this i-siHe. 

[17']. The defining equations of this case are 

y = j , ik = h\ H=l, mi = m, // = im = in =yi' = M = n« = 0 . 

There ia no pure algcbi-a in this case. 

{19}. The deflning equttione of this oue are 
9*=y, ik^i, = /{=iis«; = Mi = M=m« = m = 0. 
There are nz cases : 

[18'1], whon m* = m . mn = n , nm — 0 , 
[18'2], when m' = m , mu = 0 , nm = « , 
[18'3J, when m* = mn = nm = 0 , n' = tn , 
flS'i], when m' B M , iim = mn = ii*sO, 

[18'5], when m' = n , = 0 , 
[18'6], whtMi »)» = «» = (). 

[Ifflj. The defining equation^ oi' this catvt! are 

m' = w< , mil — II . urn = U . 

There are two caaes ! 

[18'1'], when m/ = 0; 
[18'12], ml^L 

[18'1']. The dehuiug equation of ttiis (rai^e is 

»i/ = 0. 

There ia no pure algebra in thia case. 

[1812]. The defining equation of this case is 

There are two cases : 

[18121], when >i=j; 
.[18'12'], when/m = 0. 

[18'121]. The defining equation of this case ia 

y«i =/. 

The re is a sextuple algebra which may be called {fm^, of which the multipU- 
cation table ia* 
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[18'12*]. The defining equation of thif« case is 

jm =s 0. 

1%eFe is no pure algebm in tliis case. 

[18'2]. The defining equations of this case are 

Hmm ue two caaee: 

[18'21J, when ml = l \ 
\\9V], when ml = 0. 

[18'2I]. The defining equation of tbia case is 

ml=l. 

Tlune we (wo owee: 

[18'21»j, whenym=j; 
[19218]. wlienym=0. 

[1931*]. The ^fining equation of this case is 

jm =J. 

There w no pure algebra in this cue. 

[19212]. The definmg equation of this case is 

y»=o. 

There is no pure algebra in thie ceae. 
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[18^. The dcliniug equaliou of this case us 

ini = 0. 

There is no pure algebra in tfais cue. 

[la's]. The deBnmg eqiuttioBs of this cue ure 

M? = iii, fnn=fi»isO, f^=n. 

There is do pure algebra in this case. 

[^18'4J. The defining equationn of thiH faae nre 

m* = «t , mn = mn = n* = 0 . 

There are two oases : 

[18'41], when jm =j; 
[18'42], whcnym =0. 

[18'413. The dciining equation of this caae is 

jm =J. 

There in no pure algebra iu this catse. 

[18'42J. The defining equatioD of this oase b 

There is no pure algebra in this ease. 

[18'6]. Tbe defining equations of this case are 

»t*=A, 1II* = 0. • 

There is no pure )il<;;el)ra in this cn^e 

[18'63. The detiuing equations of case are 

There is no pure algebra in this case. 

[19*}. The defining equations of this case are 

There is no pure algebra in this ease. 

[2]. The alf^bnus beloniriiitr to tlils ciiso are not investig;atefi. because it is 
evident from §(>9 that tiiey are rarely of iise unle»« coiubuted with an ideinpo- 
tent basis, so as to give .septuple algebras. 

Natural CLAisSifiCATiON. 
There are nuuiy cases of these algebras whidi may obviouslj be oombined 
into natural claaaes, bat the connderation of this portion of the subject will be 
reserved to subsequent researches. 



Digitized by Gopgle 



120 



Pious: Lkuar AuoekUiive Aigdim. 



ADDENDA. 
I. 

On <Ae Uaea and nan^fiimationt ^ lAntar Aigebru. 
Bt Bbhjamik Peibcb. 

IPreaeiUfii to the AmfrUait Acaiiemy of ArU and Science*, i/oy 11, 

Some definite interpretfttion of a linear algelna would, at first right, appear 

indispensable (<j its successful iipplicatioii. But on the contrary, it is a singular 
fact, and one »|uite consonant with the principles of sound logic, that its first and 
geiienil use is mostly to he expected from it« want of signilicuuce. The inierpre- 
tation ia a trammel to the use. Symbols are essential to oomprehensive argument 
The familiar proposition that all A is B, and all B is C, and therefore all A is C, 
is contracted in its domain by the subfititutioii of siijnificunt words for the 
symbolic letters. The ^4, B, and C. are subject to uo limitation for the purposes 
and Talidity of the proposition ; they may represent not merely the actual, but 
also the ideal, the impossible »r well as the possible. In Algebra, likewise, the 
letters arc synil)ols which, jms^fd through a machinci'v of arpuinotit in accord- 
ance with given laws, are developed into symbolic results under the name of 
formulas. When the formulas admit of intelligible interpretation, they are 
aoceseions to knowledge ; but independently of their interpretation they are 
invaluable symbo]i<-aI expressions of thought. Rut the most noted instance 
is the sviiiImiI called the impossible or imaginary, known also ns the square root 
of minus one, and which, from a shadow of meaning attached to it, may be 
more d^nitely distinguished as the symbol of mni-inmntion. This symbol is 
restricted to a precise signification as the representative of perpendicularity in 
quaternions, and this wonderful alpcbra of space is intimafcly <li'iiciidcnt upon 
the special use of the symbol for its symmetry, elegance, and power. The 
immortal author of quaternions has shown that there are other significatioiis 
which may attach to die i^mbol in other eases. Bnt the strongest use of the 
symbol is to be found in ito magical power of doubling the actual uniTSrse, and 
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pliu;iii<r by iUi side au ideal uuiver»e, its exact couuterpart, with which it can be 
coiiipurod and cootniBted, aod, by means of curiously oonnecting tibres, form 
with it an ^ganio whole, flKum which modem analyns has developed her 

surpassing geometry. The letters (ir units of the linear algebras, or to use the 
letter term proposed by Mr. Charle.s 8. Peirrt', the r/«7* of these algebrn.s, are 
iitted to perform a similar fuuctiou ouch in its peculiar way. Thifi is their 
primitiTe and perhaps will always be their principal use. It does not exdude 
the possibility of some special modes of interpretation, but, on th*- <m nary, u 
higher philosophy, wliidi liclieveH in the cafiacity of (he material iinivtn-.se for 
all ejiprcssiuiis of human thought, will lind. in the utility uf the vids, an indica- 
tion of their probable reality of inii rpn tation. Doctor Hermann Hankel's 
alternate nnmbers, with Professor Clitford's a]ipUeationfl to determinants, are a 
curifMjs and interesting examplo of llie posail)le advantage to be olitaitHHl from 
the new algebras. Doctor iSpottiswoodo in his tine, generous, and complete 
analysis of my own treatise before the London Mathematical Society in Novem- 
ber of 1872, haa regarded theee numbers as quite difierent from the algebras 
discussed in my treatise, be<ause tlie}' are neither linear nor limited. But there 
is no difficulty in reduciiif^ Ihom to a linear form, and, indeed, my algebra (f ,) is 
the simplest case of Hankel's alternate numbers; and in any other case, in which 
tt is the number of the Hankel elements employed, the complete number of vids 
of the corresponding linear algebra is 2" — 1. The limited character of tKe 
algeVirii- which I have inv4 ^^i'L'uird inay be regarded as an accident of llie mode 
of discus.xiou. There is, iiowever, a large number of unlimited algebras 
suggested by the investigations, and Hankel's numbers themselves would have 
been a aatttral generalization from the proposition of §65 of my algebra.* 
Another class of ntiliniited algebra.**, which would readily occur from the 
inspection of those whicii are given, is that in wliich all the powers of a vid are 
adopted as independent vids, and the highest power may cither be zero, or imity, 
or the vid itself, and the lero power of the ftmdamental vid, «. e. unity itself, 
may also tie retained as a vid. But I desire to draw especial attention to that 
class, which is also unlimited, and for which, when if was laid before the math- 
ematical society of London in January of 1870, I'rofessor Cliilord proposed the 
appropriate name of qaadraleB. 

•TtiiK riinnrk ik not intended a« u foiinfl;itl<iii for n (Haiin u|>iiij tin- Hankftl utinibfrn. whlrli were 
(■111 li-lird 1^ l-*!7. three years pri^ir to the inil l i i.iion of my own tr^ iti-' tt, 1'. |'l'lii>y were given 
oiucti curlier under ibe name of cU/ii by C«ucliy . and (■ubstaiitiaUy ) iii a utM earlier date by UtaaamMu. 
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Qiiadratae. 

The best defmltion of quadrates is that proposed by Mr. Charles S. Poirce. 
If tlif letters A, B, C, etc., rejirosent alisoltite <|uaiitities, dilTeriiii; in ([Uality, 
the vids muj represent the relatioug uf these quantities, and may be written in 
the farm 

[A'.A)(A'.B){A.C) . . . {BiA)(B.S) . . . {0:A), et& 
Bulgect to the eqiu^ns 

{A :B){B:C) = {A: C) 

In other words, every p«x>dact vaDishes, in whidi the second letter of the multi- 
plier differs from the first letter of the nuilliplicaud ; and when these ^o letters 
are identical, both are omitted, and the product in the vid which 18 compounded 
of the remaining letters, which retain their relative position. 

Mr. Peiree has dwwn by a simple logical argument that the quadrate is the 
legitimate form of a complete linear algebra, and that all the forms of the 
algebra? ^^iven Ijy nie nnipf he iniperfort quadrates, and ha* confirmed this 
couclusiou by actual invci^ligatiou and reduction. His investigations do not 
however dispense with the analysis by which the independent forms have 
been deduced in my treatise, thouj^ they seem to throw much li^i upon their 
probable use. 

V It it I). 

The sum of the vid.s : A), {H : li), ( C : C.'), et<-., extended .so as to include 
all the letters which represent absolute quantities in a given algebra, whether it 
be a complete or an incomplete quadrate, has the peculiar character of being 

idenipotent, and of leaving any factor unchanged with which it is combined as 
nTil(i]ilier or mnltiplicnnd. This is the disfinKuishiiip properly of unity, so tlial 
this combiuaiion of the vids can be regarded as unity, and may be introduced 
as such and caUed the vid of uniiy. There is no other combination which 
poflseasBB tlds property. 

But any one of the vid.s (A : A). [B : It), etc.. or the miiiti of any uf lliese 
vids is idcmpoteut. There are inany oilier idompoieul conibiuations, such as 

{A:A)-^ xi,A :B), >, (A : H) + (B : B) , 
h{AzA)+i{A:B) + h{B:A) + !,{B:B), 

which may deserve consideration in making transformations of an algebra 
preparatoiy to its application. 
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fnr^rition. 

A vid whii li i1ilV«rs from unity, 'mt of which the sqnnro is eqiinl f(i unity, 
may he called a r 'nl of iiin ri^iim. For such a vid when applied to wmie other 
comb'matioD transforms it ; but, whatever the transformation, a repetition of the 
aj^lieation reitores the eombinfttion to its primitiTe form. A verj general form 
of a vifil of in version is 

(1 : j4) db (H : i?) : (7) dr etc., 

in which each doubtflil sign corresponds to two ca.se9, except that at 1ca«t one pf 
the sisms* nui-st be nejpitive. The nepitive of niiity iiiiirht also be rotrarded as a 
symbol of invci'sion, but cunnol take the place of au iudcpcndcnt vid. Besides 
the above Ttdfl of ioveraion, others may be formed by adding to either of them 
a vid consiwlitig of two different liMli i>. wliich oorrospond to two of the otie- 
lottcrc'l vids of dilVorent signs; and this additional vid may have any numerical 
coellicient whatever. Thns 

{A :A)^{,B : B) — {(; : C) + x{A : C) + <7> 

is a vid of inversion. 

The new vid which I'rofessor Cliflbrd lim intrudiic«i<l into hiu hiqimtcrnioiis 
is a vid of invexrion. 

A vid of which the square is a vid of inversion, n % vid o/ tenti-mvenhn^ 
A very general form of a vid of semiMnversion is 

in which one or more of the terms (it : A), {BiB), etc., have J for a coeffi- 
cient. The combination 

{A :A)± J{B'.S) + 4A : + etc. 

iM also a vid of sctni-inversion. With the exception of unity, all the vids of 
Uamilton's quaternions are vids of semi-invennon. 

The Use of CommttMire Algdmu. 

Coiumutiilivc algebras are especially applicable to the integration of 
diffinrMtwl equations of the lint degree wi^ constant coefficients. If », J, k, 
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•t&, are the vida of auoh an algebra, vrhile x, // . z, etc., are independent 

val•iabI»»^*. it is Civsy to show that ii sohitioti may have? tho form F(.r! -f /// + zk 
+ etc.). in whicli Fis an arbitrary function, and i , j, k, etc., are connected by 
some simple equation. This sohition can he developed into tho form 

F{xi + >ij + + ot<-.) = Mi + SJ + I'k + ete. 

in which M, N, P, etc., will he functions of x, ^, z, etc., and each of them is a 
flolatioQ of the gmn equation. Thus in the ease of Laplaoe'a equation for the 
potential of attracting masses, the Tidi must aatisfy the equation 

The algebra (c^) of which the multiplication table is 
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may bo used for thU Case. GombiDatione h, ^1, ft| of these vide can be found 
which satisfy the equation 

.•«+;; + *? = o, 

and if the functional solution 

is developed into the form of tlu- urigin.il \ ids 

M , A', and /' will bo indoi>eiirU'iit soliifions, of ,sui>h a kind tlirit tho surfaces for 
wlkich N and P are coustaui will be perpendicular to that for which if is 
eonslaat, which ic of great importance in the problems of tieetridty. 

The Use Mimd Algebnu. 

It is quite imjiortnnt to know the various kinds of pure algebra in making 
a selection for special use, but mixed algebras can also be used with advantage 
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Then since 



in certain cases. Thus, in Professor Cliflbrd's hiquaternions, of which he has 
rlcmon.'^tratL'd the ^reat value, other vids can he Bubstituted for unity nnd hi.s 
new vid, namely their iialf sum and half ditlerence, and each of the original 
Tide of the quKternioos cut be multiplied by tluMt, giving us two sets of vids, 
each of whicb will constitute an independent quadruple algebra of the same 
form with quaternions. Thus if k, are the primitive quaternion vids and 
vo the new vid, let 

ai=i(l+U)). a, = 3 (1 — lo). 

y, = a,y. j»=<hJ' 

a; = a,. oj = a,. 

»1 =J] = fii = — Ox . ti =J\ = /.I = — a,. 

hji = A, = — . = = - jfy . 

iifli ■ ^ Jt 'ifc ■ 

aiai= 0 = agai. 

= 0 = y,M, . 

in which if^ deuote^i any combination of the vid» of the iin^t algebra, and A\ any 
oranbination of those of the second algebra. It may perhaps be claimed tliat 
these algebras are not independent, because the sum of the vids Oi and oi is 

absohitp unity. Thi.s, however, FhouM he. retrnrded as a fart of interpretation 
which i» not apparent iu the defining equations of the algebraa. 

II. 

On Oe BMxM tbrnu the AJgdmu. 

Bv a & phm!& 

Qiren an awtociative algebra whose letters are i, j\ k, I, etc, and whose 

multiplication table is 

ss au< + 6),/+ oiiffc + etc* 
if = a^+ b^,j + ojjfc + eta 
ji 5= cit + h^J + <^ + etc., 

etc., etc. 

I proceed to explain what I call the relative form of thi.s algebra. 



*I IWT* iiMd I . etc, IB place ot Uie , «tc., umid hj mj U^OMt in bio Uzt> 
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TiCt us aAsiimp a number of new units, A, f, J, K, L. ofc, ono more in 
number than the letters of the algebra, and every one except the first, A, 
corresponding to a particular letter of tho algebra. These new units are sus^ 
ceptible of being multiplifld bj numeriosl oo^dento tad of being added 
together;* but tbegr cannot b« multiplied together, and hence are called mm' 

rehifirr units. 

Next, let us assume a number of operations each denoted bj bracketing 
togetiier two non^TelatiTe unite separated hj m oolon. Tlieae operatione, equal in 
tmmber to the square of the number of non-relatiTe units, may be arnwged as 
follows: 

{A: A) {All) {A.J) {A I K), etc 
(It A) (1:1) (I: J) (/:ir),etc. 
(JtA) (Jil) (J: J) (J:Jn.etft 

Any one of these operations performed ujHin a polynomial in non-relative units, 
of which one term is a numerical multiple of tho letter following the '•oltin. give." tlie 
same multiple of tho letter preceding the colon. Thus, (/ :J){al + iJ + cK)=bJ.f 
These opemtione are also taken to be susceptible of assooiatiTe combination. 

Hence (/:/)(/: K) = {I:IO'f^ i'^' ^ ^= ^ i"^ J) /> ao that 

(/: J) {J: K) K= I. And (I: J) {K: L)=0; for (A': L)L=K and {I :J)K 
= {f:J)(i).J-\- /\)= 0.1 = 0. We further assume the application of the 
distributive principle to these operations ; ho tiiat, lor example, 

\(I:J) + {K:J)-k-{K:L)\{aJ+bL)^aJ.'i'{a + b)K. 

Finally, let us assume a number of complex operations denoted by /, 
F, etc., corresponding to the letfi>r« of the algebra and determined by its multi- 
plication table in the following uiauuer : 

i=(IlA) + «„{/: /) + h,,{J: I) + c„(Ar: /) + etc. 

+ </»( I -.J)-}- h„{J : J) + o„( A' : ^) + etc. 

+ «„(/ : A') + l^J^J: K) + Cu(A': A^ + etc. + etc. 
/= (J: A) +«„(/: /) + hn(Ji I) + o^^t I) + eta 

+ Ot^J: K) + bJ^Jx K) + OtJJC: ^ + etc. + etc. 

k=. etc 



*M7aM«<thMti»ill4ltodlij«cH«aO. tUft=«,afooaNfli»NMlttoO. 
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Any two openitioas are equal which, being performed on the saine ofierand, 
invariably give the same msult. The ultimate operands in this ease are tlie non- 
relative units. But auy operations compounded by addition or multiplication 
of the (^ntions i, f, etc, if they give the same reealt when performed 
upon A, will give the eune reault when performed upon any one of the non- 
relative unite. For euppoee ij'A = UlA . We have 

UfA — ^J — ajfJ + bjgj + c„A' + etc. 
SftA=s»L^<i^+ + ck,Jr+ etc. 

so that «ij = "m> 'tt = ^M< ■!> our ori^nal algebra ij^ld. 

Henoe, multiplying both aides of the equation into any letter, eay m, y*" = W"*- 
But 

ijm ~ i Ify^i + bnj + cjc + etc) = (OuOh + aiA» +«w'^ + etc.) i 

+ (ftnoii + + bacn + etc.)i + etc. 

But we liave equally 

f/m'A = (ouOii + OiAi+ + etc.)/+ (btifiu + b)J>m + + «tc.) J + «tc. 

anUi^i'fu^A^i/MA. Hence, HfM^VfM, It fbllowa, then, that if t^^ 

= 1^7 A, then i^"* into any non-relative unit equals Vf into the panio imit, ho that 
»y=s U(. We thus sec that whatever equality subsist^! between compounds of 
tin accented lettera k, etc., eubsiata between the same compoundH of the 
eorreepon^g uaaooMited letters k, eo that the multiplication tables of the 

two algebras are the same.* Thus, what has been proved is that any assoei- 
tive algebra can be put into relative form, «. <■. (see my firo'/ntn entitled • 
A brie/ IkticrijiHon o/ tJu Algtbra 0/ HvUttiv*) that every such algebra may be 
repreaented by a matriz. 

l^ike, fbr example, the algebra (id^. It takea the relative fbrm 

»=(/:^) + (J:/)+(i:Jr). 

i= (A-: .-1) + (./:/) + X{L : /) + (/: K) + {M: K) + X{J : L) - (J:M)-t{L : M), 
1 = {L:A) + {J:J£:), m = {M:A) + {f - 1) {J : J) - {Li K) - r{J .M) . 



* A brit-f pri»f <>f thi» Uioorem. [H'rhai»- i.tsnvntinlly tho suniv an the iilmvc. vnm |mlllMml nsfa 
Uie Proeeedingi of tht .4ini!r«oan Aeademn of Art> and Sciences, for ilAy 11. 1873. 
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This is the same as to my that the general expression rS + + + til + vm 
of this algebm has the same laws of inuitiplication »s the uiatrix 
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Of course, every algebra may be put into reUtive form Id an mfinity of 
waya ; and dmpler ways than that which the rule affi»rds can often be found. 
Thus, for the above algebra, the form given in the foot-note is simplert end eo is 

the following : 

i= {B : A) + {C ■ B) ^- {F: D) + (C : E), J = (C : A). 
k=(D:A) + {K.D) B) + X{C : F), 

1={F:A)-^{C:D), « = (B: A) + (t*— \){C : B)- {Bi A)^(F : D)- ( C : E). 

These different forms will eugge«t transformations of the algebra. Thus, the 
relative form in die foot-note to (b^ auggeete putting 

when wc get the following multiplication tabic, where p is put for t~' : 
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Orriinnry algebra with imaginaries, considered aa a double algebra, ia, in 

relati%'e form, 

l={X'.X)+i7i7), J = (-r: K)-(F:Jr). 

Thii showi how the operation J turns a veetor through a ri^t angle ia the 
plane of JT, T. Quaternions in relative form ie 

l = {WtW) + {X:X) + iY: 7)+{Z:Z), 

i=(X: W) -{W:X) + {Z: Y)-{y:Z), 
j=(Y:W) -{Z:X) -(W:Y)-\-{X:Z), 
/c=(Z: W) ( V: X) -{X : V) - ( \V : Z) . 

We uee iliat we have here a reference to a space of four dimensions oorres- 
ponding to X, 7, Z, W, 

III. 

On the Aljfebnu in vMeh DivUkm i» Unambigtmu. 
Br C. 8. Psnc& 

1. In the Linear AstoeieiHve Alff^m, the coefficients are permitted to be 
imaginary. In this note they are restricted to being real. It is assumed that 

wc have to fleal with an alfr<'!Ma siuli tliat from AH=A(' \vp can infer that 
il = 0 or = C . It is required to liud what forms such an algebra may take. 

2. If ilif = 0, then either w4 = 0 or ^ = 0. For if not, ^1(7= ^(ii + C), 
although A does not Tanicb and O is unequal to B+ C. 

3. TIm^ n i! zoning of §40 holds, nlthongh the coeffioicntis arc restricted to 
being real. li is true, then, that sinn' tliCMc is im oxprossion (in the 
algebra under consideration) who^e square vanishcui, there must be an expression, 
i, sudi that ^a:«. . 

4. Bj S 41, it appears that for eveiy expression in the algebra we have 

iAssAiss A. 

5. By the reasoning of $58, it appears that for erery expression A there is 
an equation of the form 

2«(a^") + Ws=0. 

But «' is yirtually arithmetical unity, since iA = Aiss A \ and this equation may 
be treated by the ordinary theory of equatkMie. Suppose it has a real root, a; 
then it will be divisible by {A — a), and calling the quotient B we shall haTe 

(J-cw)a=sO. 
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But A^aiw not aero, for A was supposed dissimilar to • . Hence a product of 

finites vaiiislio^, which is impossihle. Htim e die equation cannot have a real 
root. But the whole equation cjin he resolved i:itn (jiiudmtie farlorg, and some 
one of these auist vunit<h. Let the irre^olnMr \anit>liiiig factor be 

(A -xY+t' = 0. 

Then 

. 

or, every expression, upon subtraction of a real number («. >:. a real multiple of t), 
can be converted, in one way only, into a quantity whose square is a negative 
number. We may oxpre^is this hy saying that every quantity consists of a scalar 
and a vector part. A quantity whose square is a negative number we here call 

a wctor, 

6. Our next step is to show that the vector part of the product of two 
vectors is linearly independent of these vectors and of unity. That is, i and / 
being any two vectors,* if 

•>■ = « + « 

where a is a scalar and v a vector, we cannot determine three reai scalarB 
a, b, e, such that 

» = o+ K + <5;'. 

This is proved, if we prove that no scalar subtracted from // leaves a remainder 
Iti + (J . If thill bf> true when / and ,/ are any unit vc'tors vviiatover. it is true 
when these arc multiplied by real scalai>, and «> is true of every pair of vectors. 
We will, then, suppose i and/ to be unit vectors. Now, 

i/ = — *. 

If therefore we had 

^*=« + ln + <a\ 

we diottld have 

-i = ifz= nj + Ai/ _ c = oJ — c + W + (a + fto)/ ; 
whence, i andj being dissimilar, 

— t = 6»i , 6» = — 1 , 

and h oonld not be real. 

'Tho idempotout bmw buviog b««ii ohown to be arithmoticMl unity. w« nro froe to uag the luttcr i to 
4<ooto luiotlur unit- 
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7. Our next step U to show that, % and / being any two vecton, and 

«>* = « + w, 
• lieing a acalar and « a vector, we have 

/i = r(< — v), 

where r is a real scalar. It will be obviously sufficient to prove this for the caae 
in which i and / are unit veoton. Anuming them such, let us write 

where tf and are sealant, whfle if and are vectors. Then 
But we have 

fjji = i^"** = — ^ = 1 . 

Henoe, 

1 — — «" — W — Jv, 

But r" is the vector of rr', m) that liy the la«t paragraph such an equation cannot 

subeisl imless r" vanishes. Tlius wo got 

0 = 1 V'—^»/—^,•'^r, 

or 

Rut a quantity can only be separated in one way into a scalar and a vector part ; 
so that 

That is, 

8. Our next step is to prove that *=«'; so that if y = « + v then ji = 
»—v. It is obviously sufficient to prove this when i and J are unit vectors. Now 
from any quantity a scalar may be subtracted so as to leave a renuunder whose 
square is a scalar. Wo <\o nn\ yet know wholhor the sum of two viM fm-^ is a 
vector or not (Ihougli we do know that it is not a scalar). Let us then take such 
a sum 9»m + bj and Buppo«e z to be the scalar which subtracted fVom it makM 
the square of the remainder a scalar. Then, O being a scalar, 

{-x + m + i9y=C. 
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But developing the square we iiave 

(— i + ai + ^")»=jc» — a» — 6* + «6« + aW — 2axi : + 26;i3-|-afc(l — ^)«'=^^; 
i. e. 

ab(\ — = (7- it* + «» + 6*— aA« — ai»' + 2<u» + 26jf;-. 

But 0 being the vector of ij, by the last paragraph but one the equation must 
Taiush. Either then V = 0 or 1 — 7 = ^' But if «sO, multiply- 
ing ioto/, 

— i = sj, 

which is absurd, » aud ji' being dissimilar. Hence 1 — 7 ^ ^ and 

/» = «—«. q.E.D. 

9. The number of independent vectors in the algebra cannot be two. For 
the vector of ij if independont of i mid j. Thoro iiniy 1»c no vector, and in that 
case we have the ordinary algebra of reals; or there may be only one vector, 
and in that cue we have the ordinary algebra of imaginariee. 

Let t andy be two independent Tectoia such that 

Let ue sttbetitute faej 
Then we have 

y I = . jii = — » . 

j\v = jiiji — —jii = »■ . = iji = — i, 
iv = i*/, = —j\ , in = — =zj\ . 

Thus we have the algebra of real quatemioni^. Suppose we have a fourth unit* 
vector, k, linearly independent of all the others, and let ut» write 

Let us aubsUtnte fbr h 
and we get 

il» = — *'» + !/', = l/*. 
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Let m ftirtiwr suppose 
Tbeo, because y'l ia a vector, 
But 

ieji = —jyki. kiisz — iJti, 
because both products are Tectors. 

Hence 

» JA = — » . = — »*i . A = *i» • A » *i . «'i . 

«"'s= t/" 

or«/''=0, and the product of the two unit voctoi-s is a scalar. These vectors 
cannot, then, be independent, or k l umiot be independent of ij = v. Tims it in 
proved that a fourth indcpendcDt vector is impossible, and that ordinary real 
aJgebra, ordinAvy algelm with inwgiiiaries, and real quatenuons are the only 
asBociative algebras in which diviaion by finitei always yiekb an unambiguous 
quotient. 
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